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PKEFACE. 



"§ T BELIEVE that the system of geometry I have set forth in 

il^ this book is logically sound, and that consequently the more 
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jk it is diBcussed and criticised, the more firmly will it become 

established. I shall therefore be very glad to see any criticisms 
of my views, whether friendly or hostile, either in the public 
press, or addressed to me privately, at the address given below. 
But I have already found that, the subject being such a wide 
one, criticism is apt to become discursive ; and with a view to 
keeping it to the point I would suggest to my critics and 
opponents in argument that they should consider categorically 
the following questions : — 

(i) Do you accept the requirements I have laid down for 
a logical definition ? (see p. 21). 

(If not, please state which of them you object to, why 
you object to it, and what you would propose to substitute 
for it.) 

(ii) Do you entertain a mental concept (which I shall call 
by the name ' direction ') such that the assertion " A Vector is a 
given amount of transference in a given direction, irrespective 
of the point of departure," is intelligible to you ? 

(iii) If so, does not this concept fulfil all the four require- 
ments of my definition of * direction ' ? 



iv PREFACE, 

(Whether you think these properties are established by 
Euclid's geometry, or not, is immaterial. If you grant this 
you have granted my Axiom II.; for this does not assert 
any objective fact at all.) 

(iv) Do you accept the logical accuracy and permissibility 
of my remaining definitions and axioms ? 

(Objections on the score of convenience and simplicity had 
better be considered elsewhere.) 

(v) Do you admit the formal accuracy of the proofs of 
propositions in my Books I. and II. ? 

(N.B. If you admit this there can no longer be any doubt 
as to the suflSciency of my premises.) 

(vi) Do you admit the objective applications of my three 
Axioms, and therefore of my system of geometry, as discussed 
in Chap. I. of Part. III. ? 

(vii) If you admit that there is a theoretical doubt as to 
the objective counterpart of my second Axiom, please give 
any criticisms which may occur to you on the remainder of 
Part in. 

Now, if there is no flaw in the line of argument I have 
adopted, it follows that my conclusions are true, and con- 
sequently that any objection taken to them outside this line of 
argument, however specious it may sound, must contain a fallacy. 
I might therefore refiise to discuss such an objection. But the 
objector might truly urge that, conversely, if his objection was 
irrefutable, there must be some hidden fallacy in my argument. 
And therefore, though I prefer arguing in my own way, having 
devoted a good deal of thought to the subject, and having come 
to the conclusion that my line of argument is the most direct, 
and the easiest to discuss; I shall nevertheless feel bound 
to give the best answer I can to any reasonable objection 
whatever. 
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I must here point out that, this book being intended for the 
study of geometricians, I have not entered upon the question 
whether beginners could readily be brought to understand it or 
not. If it is not logically sound, to discuss such a question 
would be useless. But if it is acknowledged to be logical, I 
have no doubt that it could be drummed into the head of the 
average schoolboy as easily as Euclid. But I prefer to postpone 
this question till the more important one is at least on a fair 
way towards settlement ; when I shall, I hope, bring out a 
text-book for beginners founded on my method. 

EDWARD T. DIXON. 



12, Babeston Mansions, 
South Kensington, 
January^ 1891. 
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ON THE LOGICAL STATUS OF THE SCIENCE 

OF GEOMETRY. 



CHAPTER I. 

Can we be absolutely certain of anything in this world ? 
Or is all our knowledge only empirical and approximate ? Is 
there such a thing as necessary truths and if so how are we 
to know when we have attained it? 

These questions open up perhaps the most disputed branches 
of Logic and Metaphysics. Under one form or another the 
contest has been raging round them ever since the time of 
Aristotle. The line of battle has sometimes shiffced forward, 
sometimes back, sometimes it has changed front, so that quite 
new issues seemed to be at stake. But the status of the Science 
of Geometry has always been the key of the position ; though 
the combatants on both sides have often confined their energies 
to flank attacks, in despair of making any impression on the 
citadel. 

It was a prevailing idea among the ancients, though 
perhaps it was never distinctly formulated, that if a man only 
had a perfectly clear brain, if, that is, he could only always 
think logically, he could know everything. Hence the import- 
ance which was ascribed to formal logic, and hence the 
systems of philosophy founded upon data supposed to be known 
' a priori' These fallacious methods would probably have been 
abandoned much earlier than they were, had it not been for 
the apparent success obtained in one instance, namely, in 
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Geometry. Here at least it seeraed that a real knowledge 
of the external world had been deduced from a priori con- 
siderations alone. When, barely 300 years ago the great 
Francis Bacon vigorously denounced such a priori reasoning, 
and founded the school of experimental science, neither he nor 
his disciples appear to have applied their reasonings to upset 
this accepted view. And that he did not at once revolutionise 
scientific thought is evident from the celebrated dictum of 
Descartes, put forward half a century later, that * everything 
which w^e can clearly and distinctly conceive, is true.' Bacon 
indeed advocated experiment as a means to help the imperfect 
deductive power of man, rather than as an end. It was left 
to later philosophers, of whom Mill may be taken as a type, to 
make a fetish of this means, under the name of Induction, to 
exalt it above deduction and even to assert that all knowledge 
whatever is gained by it alone. Such a theory of course involved 
Mill in an attack on the deductive citadel — the science of Geo- 
metry. It is not necessary here to examine the details of this 
attack (which has moreover been most ably done in a recent 
work by Prof. Jevons) as the general considerations to be 
advanced presently will I think be sufficient to repel it. Other 
philosophers have been driven to take up rather diflferent ground. 
Kant for example divided all judgements into analytic judge- 
ments, in which what is asserted in the predicate is already 
contained in the connotation of the subject, and synthetic 
judgements, in which something is added to this connotation. 
And he maintained that there are certain judgements of the 
latter class whose truth could be known a priori. Among 
these he classed the Axioms of Geometry, and so cut the 
Gordian knot. But to further exemplify his views he was 
ill-advised enough to put the axioms of Arithmetic into the 
same category, and in this latter case the fallacy is easily 
exposed, as I hope to show presently. 

But let us first consider how we come to know an3rthing at 
all. Philosophers of the inductive school say 'By induction 
from experience/ But what is experience ? It is easy to put 
a case on paper — "in sa many instances antecedent A was 
followed by consequent a " — and so on. But how do we know 
anything about either A or a ? A little thought must convince 
anybody that the only things of which we have any direct 
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cognisance whatever are our own subjective impressions, our 
sensations and thoughts, and that no one can be absolutely 
certain that such a thing as an objective world exists at all. If 
I say ' I had a tooth-ache this morning,' I cannot be absolutely 
certain that the ache was due to a bad tooth, I cannot even be 
absolutely certain that there is any objective entity corre- 
sponding to what I mean by ' my tooth ' at all. Besides I may 
have only dreamed the tooth-ache, or my memory may have 
played me a trick, perhaps it was not this morning that I felt 
the ache. But at any rate while the ache is going on I can be 
absolutely certain of its subjective existence ; which subjective 
existence is no less real even if I am dreaming the while. And 
though in the case of a tooth-ache this truth is painfully 
evident, it is not less true in the case of the feeblest sensation 
or thought. We have direct cognisance, each of us, of what 
goes on in his or her mind, and though we may subsequently 
forget it, though we may misrepresent it in trying to convey it 
to the mind of another person, while it is passing in our mind 
it is to us absolute truth, that is, the thoughts or sensations are 
absolutely there; though they may, or may not correspond 
to objective realities in the external world. If therefore we 
confine Descartes' dictum to purely subjective applications it is 
strictly true. 

Here then we have absolute certainty. Each of us can be 
absolutely certain of what he is feeling or conceiving at any 
given moment, and if there are any of his conceptions which he 
can call up at will he can be absolutely certain that those 
conceptions have to him a real existence; subjectively, in his 
own mind, be it understood ; though not necessarily objectively, 
outside it. 

In view of these considerations the old classification of 
branches of knowledge, that is, sciences, as deductive and 
inductive will need modification. The old designations are 
indeed very misleading, for there hardly exists a branch of 
knowledge in which deduction does not play an important part. 
Perhaps there was little or no true deduction in Astrology ; or 
at least it was an excessive and unwarranted use of induction 
that led its votaries into error. Probably to the old salt 
"weather wisdom" is purely inductive. But it is only since 
deductive methods have been applied to them that Astrology 

1—2 
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and weather wisdom have entered the ranks of the sciences, as 
Astronomy and Meteorology. In the same way it was deduction 
not induction that raised Alchemy to Chemistry, and the labour 
of cataloguing animals and plants to the science of Biology. 
The real distinction between what used to be classed as 
' inductive ' and ' deductive ' sciences lies, not in their ' methods,' 
but in the premises upon which they are founded. In the one 
case the premises are drawn from observation and experiment, 
and are not only inductive but objective, in the other they are 
directly apprehended by the mind and can therefore only be 
subjective. 

It was maintained by some philosophers of the inductive 
school that inasmuch as the conclusion of a syllogism is 
contained, or implied, in the premises, no new knowledge can 
be attained by deduction. Such an argument is however the 
merest quibble. It is of course true that if you ffrant the truth 
of the premises you grant the conclusion. But to say that 
therefore you know the conclusion because you know the 
premises is a flagrant non sequitur. Why otherwise do we 
ever learn anything beyond the premises of a science ? Can 
we, because we know the premises of Arithmetic, be said to 
know the product of 31416 x 2*7183 before we have multiplied 
out ? It most certainly is possible, very materially, to increase 
our knowledge by deduction alone; and if there are in our 
minds any suitable subjective certainties which we can use as 
premises, it may be possible to establish extensive (subjective) 
sciences, whose (subjective) conclusions will be necessary truths, 
as their premises are. 

Let us then examine what kinds of premises a deductive 
science may have. They may be classed under four heads — 
(1) Objective facts, (2) Postulates, (3) Definitions, (4) Axioms. 

Under the head of objective facts I mean to include all facts 
known by 'observation and experiment,' that is therefore, all 
objective propositions which we may regard as established 
truths. I have however already shown that they cannot be 
necessary truths and with them therefore we are not at present 
concerned. 

Postulates are objective propositions about whose truth 
there yet remains some doubt, or whose truth is only provision- 
ally asserted until all the consequences that would flow deduc- 
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tively from it have been examined. Or else they are subjective 
propositions, dealing with an imaginary state of things ; and in 
this case the conclusions drawn from them are their necessary 
consequences, if the deduction has been strict, though they 
are not necessarily true. Thus the wave theory of light is 
founded on the postulate that a certain elastic medium, the 
sethfer, pervades all space. This postulate now-a-days almost 
ranks as an objective fact, for the consequences which flow 
deductively from it have been found to tally so exactly with 
what is actually observed. But if it had not been so, the 
postulate might still have been assumed subjectively, and, as a 
mental exercise, an imaginary wave-theory of light might have 
been worked out. 

The logical status of a definition has long been a matter of 
debate. The common view is that, it being a purely verbal 
proposition, it can convey nothing but philological knowledge. 
But just as I have shown that knowledge can be truly increased 
by deduction, so it may be by definition. Thus if I am told 
that an even number is one which can be divided into two equal 
(integral) parts, this definition may suggest to me a completely 
new conception, from which I may be able to deduce a whole 
new science, which without it I could never have attained. 
But apart from suggesting something new, if a definition 
enables us to analyse a concept which we formerly entertained 
only vaguely, it may enable us to deduce results from it which 
perhaps we already knew were true, but which we could not 
before connect with that concept formally. But, lastly, it is a 
characteristic of that marvellous instrument. Language, that by 
its aid we are actually able to reason accurately about things 
we do not clearly conceive ; and this we are enabled to do by 
defining a word or symbol by its attributes, without necessarily 
conceiving its meaning as a whole at all. For example, we may 

define the synabol V — 1 in symbolic language thus — 

and from this definition most important results can be deduced, 
such as the series from which the values of the trigonometrical 
ratios are calculated, and this without ever attaching any 

definite denotation to the symbol J — 1. 

Thus all that is logically required for a definition is one or 
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more ajssertions with regard to the word to be defined or its attri- 
butes. Having made the assertions it may be that there is no 
objective reality corresponding to the word — there may not be 
anything in the world possessing the named attribute or combina- 
tion of attributes. It may further happen that we know of no 
subjective concept corresponding to it ; that our minds are not 
able to form a concept combining the attributes ; but unless the 
assertions are inconsistent, that is unless the falsehood of one 
can be deduced from the truth of another, the definition remains 
logically sound, and we may deduce theorems from it which 
may, or may not, turn out useful or interesting, but which at 
least are logically true. 

In such definitions by assertion it is not necessary that the 
word to be defined should be the subject of each proposition, as 
is usually the case ; but it is necessary that it should be clearly 
understood which word is being defined. It might indeed be 
possible by two assertions each about two unknown words to 
define them both, just as by two simultaneous equations we 
may define two unknown quantities ; but there would seldom 
be any advantage in such a course. And in any case the 
meanings of all the other words in the definition must be 
known. The propounder of a scientific theory is not of course 
expected to teach his readers to speak, it is only necessary for 
him to define the terms peculiar to his science, or those to 
which he wishes to attach peculiar meanings. He may therefore 
assume that the meanings of all other words are known to his 
readers. 

It having been taken for granted that a definition could not 
impart any new knowledge, many propositions which are really 
definitions have been commonly classed as axioms, especially 
where the word to be defined does not appear as the subject of 
the sentence, or where it is not quite clear which word requires 
definition. Thus Euclid's first eight axioms do not assert anything 
which is not contained in the connotation of the words * equal ' 
* whole' *part' &c. So, though they would be very bad definitions 
of these words, they are logically nothing more. So also in his 
ninth axiom the only question is which of the words is supposed 
to be unknown ; for this proposition also only expresses what is 
part of the connotation of its terms. 

A definition, then, lays down the connotation which a word 
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is to bear, but does not assign to it its denotation ; it does not 
assert that there is any objective thing, or even subjective idea, 
corresponding to it. It is indeed possible to have a science 
founded partly, or even entirely, on definitions without asserting 
that there exist any things corresponding to the terms or 
symbols defined, and such a science will be ready to hand if 
any things are found possessing the attributes connoted by the 
definitions. Algebra is strictly such a science. The symbols 
used, tt, 6, a?, y &c. are defined, that is, their connotation is 
laid down, when the distributive commutative laws, and law 
of indices are asserted about them. But no denotation is laid 
down for them — it is a mistake to allow beginners to suppose 
that they are merely numbers in disguise. It is indeed true 
that, within certain limits, numbers do possess the attributes 
ascribed to algebraical symbols; and, within those limits, 
algebraical results are arithmetically true. Within other limits 
vectors obey the same laws, and hence some algebraical formulae 
may be given geometrical interpretations. But pure algebra is 
independent of such applications, and consists in results deduced 
from definitions alone, and its logical basis would be just the 
same even if it had no practical applications. 

The last class of premise we have to consider is the Axiom, 
or necessary truth. Kant defined an ' apodictic ' truth as one 
the negation of which was inconceivable. This involved him 
in a diflSculty, for though you or I may be unable to conceive 
the negation of a given proposition, perhaps some one else, in a 
future generation if not now, may be able to do so. Thus any 
one might assert that " V — 1 is an impossibility " and might 
maintain that the assertion was apodictically true — until some- 
one found a conceivable interpretation for the symbol. We 
have however found a better criterion of necessary truth above. 
We have seen that a necessary truth can only refer to the 
subjective concepts of an individual, which are actually present 
to his mind, and for an abiding conviction of its truth it is 
therefore necessary that the concepts be such as his mind can 
call up at will ; and then the realisation of its truth depends 
upon the direct apprehension of the relations of subject and 
predicate. For example if I say ' cogito, ergo, sum ' I have a 
perfect subjective consciousness that I do think, and I conclude 
with absolute certainty that I do (subjectively) exist. But if I 
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were to conclude that my body existed, objectively, I should be 
guilty of a fallacy. And obviously it would be merely begging 
the question to say ' cogitat, ergo est/ 

The simplest form of axiom, then, is that which merely 
asserts that a thing, defined in a certain way, is conceivable ; 
or may conceivably undergo certain operations. Every man 
can pronounce with certainty upon such propositions whether 
they are true to him or not, if he understands the terms in 
which they are stated. In the case of those axioms I shall 
bring forward I cannot doubt that everybody will assent to 
their truth ; but if any exceptional individuals should be found 
to deny them, that is to deny that they are able to conceive the 
things named, their denial will only reflect on their individual 
mental capacities, and need not raise any doubts in the minds 
of others. 

Let us then apply these considerations to the simplest 
' deductive ' science, that of Arithmetic. Kant maintained that 
some of the dicta of Arithmetic were ' synthetic judgements a 
priori' He instanced the equation 7 + 5 =12. He was 
indeed correct in saying that the conception of 12 is not the 
same thing as that of (7 + 5). But the truth of the above 
equation can be directly deduced from the conceptions of 7, 5, 
and 12. This is therefore only another proof that new know- 
ledge may be gained by deduction. For we may define 7 as 
1+1 + 1 + 1 + 1 + 1 + 1 and 5asl+l + l + l + l, and if these 
definitions be substituted in the left side of the above equation, 
it becomes the definition of 12, It is thus evident that as far 
as simple addition goes, and so also with simple subtraction. 
Arithmetic is purely a matter of definition. When however we 
come to multiplication and division we require two axioms 
which may be stated thus : — 

(1) Units may be conceived to be added together to form 
numbers, which may themselves be treated as units. 

(2) Any unit may be conceived to have been formed by 
the addition of any number of sub-units, which may themselves 
be treated as units. 

Thus, to prove that " 2 x 3 = 6 " the symbols mean "consider 
3's as units, and add two of them together. The result will be 
the same as six of the original units" which follows fi:om the 
definitions of 2, 3, and 6. Thus also 3x2 = 6 and therefore 
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2x3 = 3x2. In this way the commutative law of Arithmetic 
is established, and the distributive law may be proved equally 
easily, and so any rule of Arithmetic. 

It might indeed be urged that the above two axioms were 
in reality only two more implicit definitions, that they only 
helped to define ' unit ' and ' number.' That they are, however, 
something more may be shown by taking an instance in which, 
though they might still conceivably be true, they might also be 
false. Thus, — Are two twopenny apples worth fourpence? 
May we add each of the two pennies for each apple together to 
form twopences, and then add the twopences as if they were 
units ? The answer is No ; there may be a reduction on taking 
a quantity, or if the vendor wants to eat one of the apples 
himself he may ask more than fourpence for the two. When 
he said one apple for twopence he did not mean that each 
twopence might be treated as an unit to make fourpence for the 

two apples. 

We have then established a science whose conclusions, 
interpreted subjectively are necessary truths. As a matter of 
fact the premises of Arithmetic are so commonly true among 
the objective units, as we believe them to exist,, that its 
conclusions are often thought to be as true objectively as they 
are subjectively. If you grant that there are two apples each 
worth twopence, and that the twopences Toay be added together 
just as the individual pennies were, then the two apples are 
worth fourpence, but the above objective assumptions are not 
necessary truths. Besides the perfect subjective Arithmetic we 
have therefore an objective Arithmetic, whose objective premises 
are established by induction, and which is therefore imperfect, 
in the sense of not dealing only with necessary truths. 

Well then, in Geometry ought we not to find precisely the 
same thing? Ought there not to be a perfect subjective 
Geometry, as well as an applied objective one, the applicability 
of the former to the latter being a matter to be determined by 
induction from observation and experiment ? It is the object 
of this book to show that such is the case, to establish the 
perfect Geometry, and to examine the grounds on which we 
may believe that it applies to the objective space in which we 
live. 
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It would be folly to attempt to substitute a new thing for an 
old one, unless one is first convinced that there was something 
bad in the old one, which will be remedied in the new. Before 
therefore attempting to introduce a new system of Geometry I 
must point out what I consider the defects of the old ones. 

That there are some defects has long been recognised. It 
has for a long while past been pretty generally admitted that 
Euclid's last Axiom is not a necessary truth. Great is the 
ingenuity which has been expended by Geometricians in 
attempting to find an ' apodictic ' substitute for this * Axiom/ 

Legendre thought he had proved its truth from the other 
data of Geometry, but he himself had afterwards to admit that 
his argument was fallacious. After so conspicuous a failure 
most Geometricians seem to have reconciled themselves to the 
idea that the * Axiom ' could never be made apodictic, and to 
have regarded attempts to do so in the same light as attempts 
to square the circle. This is, I suppose, the reason that they 
have overlooked a proof given by M. Vincent of Paris (quoted 
by Mr F. W. Newman in his " mathematical tracts ") which I 
give, with certain trifling modifications, at the end of this 
chapter. 

But, on the other hand, a great many Geometricians still 
imagine that the proposition " Two straight lines cannot enclose 
a space " is an a priori necessary truth. If it is only taken to 
refer to subjective concepts it may indeed be so regarded, if it 
is taken as the definition of * straight ' ; and though it would be 
by no means a complete definition, as far as it goes it would be 
irrefutable. But it is perfectly evident that Geometricians do 
not regard it only subjectively. They deduce objective con- 
clusions from it, and it can only be held by them to refer to 
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objective straight lines. Now it is a sufficient definition of an 
objective straight line to say that two straight lines of a given 
small length cannot enclose a space. From this definition it is 
possible to mechanically construct ' straight ' edges of the given 
length, on the principle on which Whitworth constructs his 
surface plates ; and two of these ' straight ' edges being joined 
together with only a small part of their respective ends over- 
lapping, we get a longer 'straight' line. By continuing this 
process it is theoretically possible to produce a ' straight ' line to 
any length whatever, (unless it should at some point rejoin 
itself.) And how can we be certain that two such 'straight* 
lines diverging from a given point will nev^r meet again ? 
There is no a priori reason why this should be so. All we can 
say off-hand is that, as a matter of fact 'straight' lines have 
never been known to behave in such a manner; but we are 
bound to confess that they have been traced only through an 
infinitesimal portion of the infinite space we dwell in, if so be 
that they do not intersect again. 

As however this axiom has generally been assumed to be a 
necessary truth, it has been deduced from it that parallel 
straight lines, as Euclid defines them, are necessarily possible. 
For it may be shown that two 'straight' lines which have a 
common perpendicular must either intersect on both sides of 
that perpendicular or on neither, since the figure is symmetrical 
with respect to it. That the reality of parallel lines depends so 
directly upon this Axiom has not however been generally recog- 
nised, simply because Euclid does not prove it in the above way, 
but by means of his 16th proposition, the proof of which, as 
it stands, merely begs the question at 

issue. To complete the proof it is ^ JP 

necessary to appeal not only to his 
10th Axiom but to another which he 
does not lay doAvn; to the effect that, 
in a plane, 'it is impossible to pass 
from one side of an unterminated line ^ 
to another, without intersecting it ' — an omission which I am 
glad to see a recent editor* has noticed, though he has not 
noticed the want of the Axiom in this proposition. For in Euc. 
I. 16, having shown that the triangles GSF, AEB are con- 

1 The *Pitt Press EucUd' by H. M. Taylor. 
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gruent, and therefore the angles ECF, EAB equal, Euclid goes 
on " But the angle EGD is greater than the angle EOF (Ax. 9)." 
Now 'Ax. 9 ' only says " the whole is greater than its part," 
and to assume that the angle EOF is ' part ' of the angle EGD 
is to beg the question at issue. The proof should be completed 
thus—' Since the line GEFC is unterminated, if any part of the 
^ straight line GD is within GEEG it must intersect its boundary 
"^ twice ; for if it is produced far enough there must be points in 
it in either direction outside this limited space (new Axiom). 
But GD already intersects J(,E in B, and EG and FG in (7, and 
so cannot intersect either of them again' (Ax. 10). Therefore 
GD is wholly without the triangle EGF, and the angle EGF is 
therefore * part * of the angle EGD, and is less than it (Ax. 9). 

Thus, granting neither of the two Axioms, but defining a 
' straight' line as one which is in general determined if two points 
on it are given, we have two alternatives to Euclidian Geo- 
metry — we might either have more than one 'straight* line 
through a given point fulfilling Euclid's definition of parallel, Avith 
respect to a given straight line, or we might have none at all, 
in which case any two straight lines which intersected at all 
would intersect twice. These alternatives have been already 
examined by Mr G. Chrystal* though his treatment of the sub- 
ject led him to rather erroneous conclusions. For he seems to 
consider that the former alternative, which he calls hyperbolic 
Geometry, is the only one worth practical consideration, whereas, 
as we shall see, it is in reality inconsistent with the self-congru- 
ence of space, which he himself assumes, and may be shown 
to be untenable by the proof given at the end of this chapter of 
Euclid's Axiom 12. 

Let us examine Euclid's premises more closely, in which, as 
we have seen above, are included his de6nitions as much, if not 
more, than his postulates and axioms. 

A term generally denotes a thing or idea, and connotes its 
attributes. Hence also a definition may indicate the denotation, 
or detail the connotation of a term. 

We have already seen that for deductive purposes the connota- 
tion is the only important thing to lay down. Thus Euclid's first 
definition " A point is that which has no parts or no magnitude" 

1 Paper on * Non Euclidian Geometry ' in * Proceedings of Boyal Society of 
Edinburgh,' Vol. x., 1879—80. 
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though it does not tell us what a point is, is nevertheless a 
useful definition, as it tells us at any rate that it does not 
connote magnitude or the possibility of subdivision. The defi- 
nition ought not however to have been expressed as if it ex- 
plained the denotation of the term. An instant of time cannot 
be said to have parts or magnitude, but * a point ' is not ' an in- 
stant.' The definition ought merely to assert, as part of the 
connotation of the term "A point has no parts and no magnitude." 
Similarly it is not true that a line is length. Length is only one 
of the attributes of a line. The same remark applies to his defi- 
nition of a surface. Now how comes it that neither of these 
two fundamental definitions is ever referred to throughout 
Euclid's elements? There are I think three reasons. First, 
Euclid has expressed the most essential part of the connotation 
of the term ' straight ' line elsewhere, namely in his 10th Axiom. 
Secondly, because he assumes the items of connotation of the 
term surface, when necessary, without referring to any definition 
or Axiom. But chiefly it is because, if Euclid ever tried to 
make any use of these definitions, he would be confronted with 
the question 'What are length, breadth, and thickness?' A 
question to which he provides no answer. 

Euclid's definition of a ' straight ' line is generally acknow- 
ledged to be useless. It is merely a paraphrase of the word 
'straight,' and by no means a good one. Euclid himself 
defines a 'plane' surface in a similar manner — the definition 
substituted for it in modem editions being the only one of the 
first nine from which any deductions are made, and this one is 
used illogically, for he never postulates or proves that the thing 
defined as a ' plane ' can exist. 

Next we read "A plane angle is the inclination of two 
lines to one another in a plane, which meet together, but are 
not in the same direction." What does this mean ? If an 
angle is only another word for an inclination how does this 
definition assist matters? Or does Euclid recognise the in- 
clination of two lines which do not meet ? What has the plane 
got to do with it ? Is the angle between lines which meet but 
are not in a plane, as between the meridians of longitude at 
the pole, essentially different from the angle between two 
intersecting arcs of circles in the same plane ? Why does 
Euclid here admit the word 'direction' which he has so 
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carefully banished from the rest of his work ? Why does he 
trouble to. give a special definition of a plane rectilineal angle, 
unless it is that in this*case he can dispense with the awkward 
word, and pretend that ' straightness' has nothing to do with 
' direction/ for which it has been substituted ? 

Again, why does he speak of angles as contained by straight 
lines ? Why did he in I. 16 quoted above, call the angle EOF 
part of the angle EGD ? 

The answers to all these questious are really simple enough, 
if we only make up our minds to use Euclid's own word, 
' direction/ a little more freely. By ' inclination ' Euclid means 
diflference of direction. This is why two curved lines must 
extend in different directions from their common point, to have 
an inclination at that point, and it is because he tacitly assumes 
that a straight line always extends in the same direction from 
any point in it, that in the case of the definition of a plane 
rectilineal angle the word direction may be left out. An angle 
is something different from an inclination, which is used to 
measure it, just as a two-foot rule is not a distance, but is used 
to measure distances. To Euclid there can be little doubt that 
an angle meant a portion of a plane, a sector cut off between 
two intersecting straight lines. In the same way a figure, 
such as a triangle, or circle, was to him not an arrangement of 
lines, but a piece of a plane; as it were a figure cut out of 
paper, of which the lines were merely the boundaries. Thus 
when in I. 4 he says " The whole triangle ABC coincides with 
the whole triangle DBF, and is equal to it " he clearly refers to 
them as triangular pieces of planes whose areas are thus 
proved to be equal. Euclid's angles are really comers of such 
figures cut out of a plane. This is confirmed by the easy way 
in which he extends the use of the word angle to the comer of 
a solid figure where three or more planes meet, calling it a 
' solid angle ' as opposed to a plane angle, a solid figure being 
merely hownded by the planes, as a plane figure is merely 
bounded by lines. That this view of an angle -is confessedly 
taken by some Geometricians will appear from M. Vincent's 
proof quoted below, and from the fact that Mr Newman accepts 
it without comment. Though perhaps Euclid never acknow- 
ledged it to himself, these angles, these sectors of planes, were 
of course areas, of infinite extent, but such that they bore 



CHAPTER II, 16 

finite ratios to each other, which ratios measured the inclina- 
tions of the bounding lines ; some given sector, or the whole 
plane, being taken as an unit. Thus if he had ever considered 
curvilinear angles after defining them, he would either have 
had to explain that a curvilinear angle was equal to the 
rectilinear angle between the tangents at the ' angular point,' 
or he would have become involved in the doctrine of limits. 

According to this view then, in the figure of I. 16 the angle 
EOF actually is a part of the angle EGD, But another com- 
mon interpretation of the word ' angle ' is that it is a quantity 
of revolution, fi'om one direction to another. This is the way 
it is regarded in Trigonometry, and it is a way which has many 
advantages. But when Geometricians introduce it into ele- 
mentary text books they almost invariably forget that a straight 
line may be revolved from one direction to another in various 
wa)rs, describing various conical surfaces the while, and perform- 
ing various quantities of turning, and that there is therefore 
no reason why the amount of turning which measures the 
inclination of CE to OF should be part of that which measures 
that of GE to GDy unless the method of rotation is further 
defined. This is sometimes douB by sajring the rotation must 
take place in the plane containing the lines, and that therefore 
in the above instance the angle EGP is only part of the angle 
EGD because GF is in the plane of GE and CD. This would 
be right enough if the word plane were so defined that we 
could deduce from the definition that, in revolving in it from 
GE to GD a straight line must pass once, and only once 
through GF. But if this result can be obtained otherwise, the 
conception of a plane may be altogether omitted, and with 
advantage, as it is by no means a simple concept, and an angle 
is a sufiiciently difficult thing for a beginner to grasp without 
any unnecessary complications being involved in it. 

It is obvious from the above considerations, that an inclina- 
tion can never be greater than that measured by two right- 
angles, — or as it is in some modem books conveniently called, 
a straight angle. This inclination is that between two opposite 
directions. An Euclidian angle, that is, a sector of a plane, could 
strictly speaking never be greater than a whole plane, that is, 
four right angles, unless we are permitted to count some parts 
of the plane twice. But a Trigonometrical angle, that is, a 
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quantity of revolution (under certain conditions), may be as 
great as we please, one or more whole revolutions. Thus one 
inclination may be measured by at least two Euclidian angles, 
or by any number of Trigonometrical angles. A great deal of 
the diflBculty of Elementary Geometry is really caused by the 
confusion of these three distinct concepts. My definition of an 
angle is so framed as to restrict the meaning of the term to the 
smallest positive trigonometrical angle. 

There is little to be said about Euclid's remaining defini- 
tions. In that of Parallel straight lines we again come across 
that curious condition "In the same plane"; a condition 
which in the subsequent axiom about straight lines which are 
not parallel, is, curiously enough, omitted from all text books, 
as far as I know, which gives the axiom at all ! The definition 
of parallel lines is logically good, but of course it remains to 
be proved that such things really exist. It has already been 
pointed out how this may be done by the aid of Euclid's 10th 
Axiom, though Euclid's own method is unsatisfactory. 

As to Euclid's postulates, they are logically needed, since 
definitions cannot be taken to assert the reality of the things 
they define. But I think it is improbable that it was for this 
purpose that Euclid wrote them down. To him they merely 
represented permission to perform certain operations in Geo- 
metrical drawing. This is why he has no postulate about 
drawing planes — he knew of no practical method of drawing 
them, as straight lines are drawn on the black board, and 
accordingly he quite overlooks the logical necessity of a 
postulate or theorem to prove that they are conceivable. 

Most of the Axioms have already been discussed. The 
tenth I have shown not to be a necessary truth, if it is taken 
objectively, as clearly it is intended to be. The eleventh is 
quite unnecessary, as it may be proved as a theorem, by the 
method of superposition. The twelfth however may be proved, 
if the self-congruence of space is admitted, that is, if we assume 
that geometrical figures may be carried about in space without 
any change of size or shape. This proof is virtually that of 
M. Vincent referred to above. 

We have seen already that two ' straight,' that is self-con- 
gruent, lines in a plane which have a common perpendicular, 
must either intersect on both sides of the perpendicular, or on 
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neither. In the latter case, the ' straight ' lines are of infinite 
length, and enclose a part of the infinite plane in which they 
lie, which we may call a ' band/ If 0-4, PB be two straight 
lines enclosing half such a band, on one side of the common 
perpendicular OPy and OP be indefinitely produced, to X, and 
Q taken in it so that QP = PO, and QG drawn likewise perpen- 
dicular to OP ; QG, PB enclose another half-band which may 
be shown by superposition to be equal to that enclosed by PB 
and OA, And so other bands may be cut oflF from the plane 
by straight lines Ui)...&c. But it may be shown by superposi- 
tion that the remaining quadrant of the infinite plane XRD is 
still equal to XOA, Hence the area of a half band is infini- 
tesimal compared with that of a quadrant of the infinite plane, 
that is with an Euclidian right angle. 




But the area of any finite Euclidian angle is comparable 
with that of a right angle. 

Therefore the area of any finite Euclidian angle is infinitely 
greater than that of any band of finite width. 

Hence if any straight line OK on the same side of OA as 
PB make any finite angle with OA, the whole area of the angle 
KOA is greater than that of the band BPOA and therefore 
PB must intersect OK. 

This proves Euclid's 12th Axiom. The proof does not 
seem quite satisfactory, chiefly because the accepted definitions 
of the terms involved do not admit of its being stated in strictly 
formal language. But as I prove the same thing by a more 
comprehensive and formal method later on, there need be no 
doubt as to its correctness. 



D. 
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But though I have criticised Euclid's premises, and in them 
those of most systems of geometry, in some detail, I have not 
yet mentioned what I take to be his fundamental misconception, 
and that of nearly all subsequent writers on the subject. Even 
though it is not explicitly stated in Euclid, it seems that he, in 
common with most modem philosophers, regarded the concep- 
tion of space as a fundamental attribute of the human mind, 
which requires no definition or discussion, being necessarily 
one, and unalterably the same, to every one. This is the view 
that was taken by Kant, and so energetically combated by 
Helmholz, and lately again by Mr Herbert Spencer. Helmholz 
indeed attempted to analyse the conception of space, and got 
so far as to call it a " Dreifachige Manigfaltigkeit," a three-fold 
multiplicity, which at least expresses the fact that its constitu- 
tion is somehow intrinsically connected with the number 3. 
But Euclid's expression, applied by him to *a solid,' that is, 
a limited portion of space, that it has "length, breadth and 
thickness," really means as much, and might be made to mean 
a great deal more if length, breadth and thickness were 
properly defined. As I have already kicked over the traces 
in making use of the word 'direction,' I may as well say at 
once that they are measurements made in three diflferent, 
that is, completely different, or as I call them, independent 
directions. If therefore we say 'Space extends from every 
position in it in three independent directions,' and if further 
we add ' and the directions in which it extends from any two 
positions in it are the same,' we have a definition of the concept 
' space ' in terms of the concept's ' position ' and ' direction,' 
from which it will be seen all the known properties of space 
can be deduced. And it follows that the conception of space 
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is not a fundamental one at all, but that those of position and 
direction are more fundamental than it. 

It is not necessary, even if it were possible, to explain what 
the terms 'position' and 'direction^ denote. Every one who 
speaks English must have some idea of their denotation, and 
for logical purposes it is only necessary to lay down their 
connotation strictly. Every one knows more or less what is 
meant by the position of a thing, or the direction of one thing 
from another, in contradistinction to the thing or things them- 
selves. We may talk of the position of the Solar system, when 
comparing it with the positions of the fixed stars. But, if we 
wish to compare the positions of things within a more limited 
space, it will be evident that there are, within the solar system, 
many diflFerent bodies whose positions differ from each other. 
Again, within one of these bodies, the earth for example, there 
are many positions, and if we are dealing with positions within 
a yet smaller compass, we shall have to use yet more minute 
bodies to indicate them. Though physicists used to tell us 
that the 'atoms' of matter were indivisible, the theory has 
lately been advanced that each atom is a vortex ring of 
seething aether; and the theory of such vortex rings involves 
the consideration of differences of position within an atom. 
When therefore I say that a position may be conceived to be 
indicated by a minute particle of matter I do not mean to 
assert any objective truth, but merely to suggest a convenient 
way of picturing a position to oneself. The second part of the 
definition of position (for which see Part II.) being added to 
guard against any confusion of a position with any material 
thing or point, a position not being a material entity at all. 

In the same way a direction does not consist of two 
points — ^the points are only used as a convenient way of indi- 
cating it. A direction should be conceived as something purely 
abstract, so that we may speak of two straight lines as extending 
in identically the same direction, not in equal, parallel, or 
similar directions. This conception of direction has proved a 
stumbling-block to many — but chiefly, I am convinced, because 
from their youth up they have been taught to look at geometry 
from the Euclidian point of view, which attempts only to recog- 
nise material dimensions, lengths, areas and Euclidian angles, 
that is, pieces of planes, and to discard abstract distances and 

2—2 
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inclinations, that is, differences of position and direction. So 
much is this idea ingrained in our language and ways of 
thought, that it is difficult to persuade many, even of those 
who have never formally learnt Euclid, and much more those 
who have spent the greater part of their lives in learning and 
teaching it, that it is possible so to grasp Direction, as an 
abstract concept. Even when confronted by the enormous i 

development of modern vector theories, even while themselves 
advocating these theories as one of the greatest developments 
in modern scientific thought, they will still argue that sameness 
of direction is, as a matter of fact, an idea deduced from Euclid's 
definitions of a straight line, and of parallel straight lines; 
although Euclid himself had spoken of sameness of direction 
in his eighth definition, prior to giving any workable definition 
of straightness, or of parallelism. To such objectors it may be 
replied that it is of very little consequence how they obtained 
the conception of sameness of direction, so long as they have 
got it ; but seeing that, except in the one instance referred to 
above, Euclid carefully evades the word direction, and that in 
no text-book or course of oral instruction, so far as I know, is 
any effort made to explain that ' sameness of direction ' means 
Euclidian parallelism, it is at least very doubtful that they 
acquired the concept through Euclidian teaching. Nor can it 
fairly be maintained, until it has been proved by experiment, 
that those who have not learned Euclid, or become imbued 
with Euclidian ideas, are incapable of forming this conception. 
On the contrary, I have tried the following experiment on a i 

few persons who had not studied Euclid — standing a little way 
from them I extend my arm in any direction, and ask them to 
extend theirs "in the same direction." Excepting those who 
were too shy to make the attempt, all have made a more or 
less intelligent effort to do as I requested them, showing that 
though their conception of sameness of direction was vague, 
and probably inaccurate, the conception was there, and only 
wanted training to develop it. That is to say, they had some 
idea of its denotation, though the connotation of the term 
required to be exactly defined to them. i 

To do this I have laid down four assertions about direction. i 

I have already pointed out that I am logically free to define a 
word by laying down any assertions I please with respect to it. 
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as long as they are (i) not demonstrably incompatible with each 
other. But if the definition is to form the basis of a deductive 
science it is further advisable (ii) that the assertions should be 
independent, as, if one or more could be deduced from the 
remainder they might with advantage be omitted, and after- 
wards proved as theorems. And, where it is required to define 
logically a term whose denotation is already known, it is further 
necessary not only that (iii) the assertions should be commonly 
accepted as true with respect to it, but that (iv) they should 
restrict the meaning of the term exactly to its accepted denota- 
tion, neither more nor less, and should do so in the simplest 
manner that can be devised. Now my four assertions form a 
good definition, for (i) they are certainly not incompatible, for 
all geometricians will admit that (iii) they are as a matter of 
fact true, about what is commonly understood by the terms 
direction and sameness of direction, whether they prove this 
by Euclid or otherwise. The only questions to be examined 
then are (ii) whether they are independent and (iv) whether 
they restrict the denotation correctly. I think I may fairly 
claim to shift the burden of proof of the former proposition on 
to the shoulders of anyone who denies their independence, 
merely observing that it has been the attempt to deduce the 
fourth assertion from the other three which has been the true 
cause of failure in all previous attempts to make use of 
* direction' in elementary geometry. But if anyone should 
succeed in deducing one of my assertions in the definition of 
direction from the others, he will in no wise have damaged my 
theory of geometry, but on the contrary, he will have improved 
it, by enabling me to substitute a somewhat simpler definition 
of direction for the one I here present. And as to the fourth 
question, the sufficiency of the definition, the proof of the 
pudding will be found in the eating, for no one will say that it 
restricts the denotation too much, since they have granted 
clause (iii), and, if the results I deduce are deduced fairly, 
there can be no doubt as to the sufficiency of the premises. 

But though I think these considerations and arguments 
might be enough to enable my theory of directions to compete 
with Euclid, if I had a fair start ; he unfortunately has the 
advantage of me by some two thousand years; and I must 
therefore adduce a few more considerations to show the 



22 PART /. 

extreme importance, and fundamental character of the concept 
Direction. 

The idea of a straight line is in common life associated 
either with the idea of self-congruence, of a line which can 
twist about itself without apparent motion, of a stretched, 
string, or of -a ray of light. From all these conceptions, 
definitions may be framed, which, as I show in Part III., all 
lead to the same result. But there remains one conception of 
a straight line; that namely which Newton had in his mind 
when he said that if a material particle were unacted on by 
any forces, it would remain at rest, or continue to move with 
uniform velocity in a straight line. There can, I think, be 
little doubt that the words 'a constant direction' might be 
substituted for the last three words in this law of motion, 
without altering the sense. He did not mean a straight line 
as defined by any of the four methods indicated above, for 
results can be deduced from the law of motion which are not 
necessarily possible if straight lines are only so defined. From 
the law of motion it follows that it would be theoretically 
possible (by gyroscopes, Faucoult's pendula, or other methods) 
to determine the velocity, and axis, of rotation of the earth 
absolutely, and hence to fix absolutely a direction in space, 
although we cannot fix a position. And if we had two particles 
the resultant force on each of which vanished, but which 
remained at the same distance apart, each must be at rest, or 
moving with uniform velocity in a constant direction. Thus 
the direction from one to the other is a fixed direction, and 
since we cannot say they are absolutely at rest, both may be 
moving in the same direction, though not in the same straight 
line. 

In view of these facts it must be difficult for anyone to 
maintain that ' direction ' is a less fundamental concept than 
even * position.' But even if any one should deny the bearing 
of such a djnaamical argument on the elements of geometry, it 
surely must settle at once the question whether or not a 
definite meaning can be, or commonly is, attached to the 
epithet 'same' when applied to directions of straight lines 
which do not intersect ! 

The propriety of including the fourth of my assertions in 
the definition of direction, given in Part II., has been shown 
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logically to follow from the fact that it is acknowledged to be 
true of what is generally denoted by that word, and that if it 
were omitted the definition would include more than the 
word direction is truly held to denote. But it will probably 
none the less be maintained, by some supporters of Euclidian 
methods, that the attribute ascribed to direction in this fourth 
assertion is, to use old fashioned language, an 'accident,' not 
a * property * of the term. I have indeed already pointed out 
that, if so, its truth ought to be deducible from the remainder 
of the definition; and that if this can be done, so far from 
upsetting my theory, it would only strengthen it. But I think 
I can show direct reason for believing that the attribute in 
question is a property ; and that as a matter of fact it is always 
assumed by anybody who uses the expression ' extending in the 
same directions ' in the same sense as ' parallel.' 

For surely, if it is conceivable that a point may move in a 
given direction from A to By or else in two other directions, 
from A\iO G and C to B respectively, then must it not follow 
that if a point may also move from J. to 5' in the same 
direction as A to B, it may also move from A to some point C 
in the direction AC and from C to B^ in the direction (?£? In 
books on the theory of vectors, not only is this assumed, but it 
is further assumed that the transferences in the respective 
directions must be proportional, or at least, (which comes to 
the same thing), it is assumed that, in vector language, 

a + /S = /S + a. 

And so far from attempting to justify this assumption by an 
appeal to Euclid, it is usual to commence by proving Euclid's 
proposition that 'the straight lines which join equal and 
parallel straight lines towards the same parts are themselves 
equal and parallel,' by it; the above equation being in fact 
merely Euclid's proposition in vector language. It will be seen 
therefore that my fourth assertion about direction does not assert 
as much as the assumption upon which vector theories are based, 
for it asserts nothing as to the magnitude of the transferences. 
Again, if it were required to determine whether two straight 
lines in space, say two poles stuck in the ground, were 'in the 
same direction' or not, the first thing that would occur to 
anyone to do would be to place himself ' in a line ' with them, 
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and see whether they ' covered correctly * or not. That is, he 
would see whether, when one of two intersecting rays of light 
to his eye (say one along the ground) intersected both poles, 
and another (say to the top of the far pole, to prevent the 
chance of its going over the top of either of them) intersected 
one of the poles, it would also intersect the other. In fact, he 
would at once apply the test supplied by my fourth assertion 
about direction. But this assertion has also another aspect. 
In the former one it corresponds to Euclid s assertion about 
parallel lines^ that they are in one plane. In its other aspect 
it corresponds to what has been proposed as a substitute for 
Euclid's 12th Axiom, being in fact only another way of 
wording Playfair's Axiom, namely : If a straight line in the 
same plane with two parallel straight lines intersects one of 
them, it shall also intersect the other, and this of course is the 
only aspect of the assertion which is likely to be combated. 

But it is here that the difference of the definitions of the 
terms straight line, parallel, and so on, by direction, or other- 
wise, comes in. Taking the former system of definitions, but 
omitting my fourth assertion about direction, if AB, CD be the 
two poles stuck in the ground ' in ^ 

the same direction/ and OBD be 
the straight line of sight along 
the ground intersecting them in 
B and D, the point B being 
between 0, the observer's posi- 
tion, and i), then as we have 
seen OG will intersect AB, but 
the question remains, will OA necessarily intersect DC pro- 
duced ? We can only conceive its not doing so by imagining 
either OA or BG to be bent outwards — that is, no longer to 
extend constantly in the same directions. And, as we have not 
predicated anything concerning the size of the figure, but only 
concerning its shape (see Part II. def. 15) the difficulty will not 
be in any way altered on however large a scale the figure be 
conceived. But if a straight line is defined by any of the 
other methods, and GD is only asserted to be parallel to AB in 
the sense that however far they may be produced they do not 
meet, nothing has been predicated concerning the shape of the 
figure, and though when drawn of a moderate size its shape 
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may be, as near as we can tell, the same as if we had used the 
definitions by direction, this is no guarantee that the shape 
would remain the same if its size were indefinitely increased. 
To prove this would require propositions not proved by Euclid 
till his sixth book ! 

(I hope it is unnecessary to remind the reader that the 
above appeal to his imagination is not made to prove a 
substitute for Euclid's famous axiom, but merely in the hope 
of calling his attention to the fact that in reality my fourth 
assertion about direction is already part of the connotation he 
unconsciously ascribes to that term.) 

I have been unable to find in any work on elementary 
geometry any formal or satisfactory definitions of the terms 
line, surface, and solid, or space. I have already pointed out 
that Euclid's definition is of no use, because no definite con- 
notation is ascribed to the terms length, breadth and thickness. 
It is however common in more modern text-books to try at 
least to describe the denotation of the terms line, surface and 
solid in one of two ways. The one way is to begin with a solid, 
with which the reader is supposed to be familiar, or with space, 
and to say that that which bounds a solid, or separates one 
part of space fi:om another, is a surface, and that that which 
bounds a surface, or separates one part from another is a line, 
and that which bounds a line, or separates one part jfrom 
another, is a point. The other way is to begin with a point 
and to say that a moving point describes a line, a moving line 
a surface, and a moving surface a solid, or space. Often both 
methods are given without any efifort to show that they lead to 
the same results. The first method was formerly, at any rate, 
the commonest, but it has one fatal drawback — it assumes that 
everybody's conception of a solid, or space, must necessarily be 
one and unalterably the same, which I think I can show not to 
be the case. The second method pretends to define the con- 
ception of space in terms of that of a point, or position ; which 
latter conception certainly is of so elementary a character that 
we may fairly assume it to be the same to everybody. But in 
this method also there is a fatal fallacy^t is, namely, impossible 
to define space in terms of a position alone ; direction must also 
be taken into account. The subterfuges that some geometricians 
make use of to disguise this fact are positively amusing. One 
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of them for example thinks he has done so by making use of 
the word 'way' instead of 'direction'! Thus, he defines space 
as " a three-way spread, with points as elements." It is indeed 
true that a point moving any ' way,' that is, in any direction, 
from each position in it, describes a line of some sort, and that 
such a line moving in any way (unless it everywhere moves 
along itself) describes a surface of some sort ; which surface in 
moving describes a solid of some sort. And if the line is a 
plane curve and moves in its own plane, it may indeed be said 
to describe that plane, but parts of the plane may be described 
twice or three times over, and other parts not at alL And so a 
curved surface in space, moving in space, may describe part of 
that space two or three times over and other parts not at all. 
In order that such a definition of space may be satisfactory and 
complete, it is necessary to stipulate that the moving point 
shall move always in the savfie way (that is, direction) or the 
opposite ; that the moving line shall always continue to point 
the swrm way (that is, that it shall remain parallel to itself), 
and that a given point in it shall move always in one way or 
the opposite, different fi'om the ways in which the moving line 
points. And similar restrictions must be placed upon the 
movement of the surface so described, in order that it may 
describe space. These conditions of course involve the concep- 
tion of direction as I define it, and to evade the use of the 
word by speaking of ' so many way spreads ' is not only begging 
the question but is positively inaccurate. For, the description 
of a plane as a two-way spread and a solid as a three-way one 
is not enough, since a line, even a straight one, has two * ways,' 
namely forwards, and backwards, and a plane has not only two, 
but an infinite number of 'ways.' It is therefore clear that 
something analogous to my definition of 'independent direc- 
tions' is necessary to distinguish the three 'ways' which a 
* spread ' must have to enable it to rank as a solid, besides some 
workable definition of what a 'way' is. And this definition 
must clearly contain a clause corresponding to my fourth 
assertion, for if not the surface, described as above by the 
motion of a straight line, would not possess the property that 
any straight line having two points in it would not lie wholly 
in it ; that is, it would not be a plane according to the accepted 
definition. 
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There are a few more points among my premises to which 
I must briefly call attention. The conception of 'opposite' 
directions follows as an obvious consequence of the fact that 
two points are required to indicate a direction, and that 
therefore when we name one, we at the same time indicate 
a second direction, which stands in a peculiarly intimate 
relation to the first. From the definition of dependence of 
directions we see that a direction is 'dependent' upon its 
opposite direction, but is independent of any other single di- 
rection; for the movements contemplated in that definition 
are merely movements in certain straight lines, and may be 
either one way or the other along them. (N.B. there is no 
assumption, or assertion about this — it is merely a matter of 
verbal definition.) This definition of independence of direction 
may at first seem wordy, and arbitrary; but the reader will 
soon see that it merely expresses in precise language what we 
meant (nine) pages back when we agreed that space might be 
said to extend in three ' independent ' directions from any given 
position in it. 

I draw a distinction between distance and a linear dimension, 
such as length, which I think will be found convenient. A 
distance is the difiference* between two positions, and is an 

^ I feel bound to protest here against a criticism of the late Prof. De Morgan 
in a review of a book of Mr Wilson's, which he published in the Athenaum, and 
to express my surprise that so accurate a thinker could have been guilty of it. 
He says a propos of a definition of Mr Wilson's, ''Is a direction a magnitude? 
Is one direction greater than another ? We should suppose so, for an angle, a 
magnitude to be halved and quartered, is the * difference of direction ' of ' two 
straight lines which meet one another.' " Clearly neither Mr Wilson nor I use 
the word difference in the sense it is used in Arithmetic, when we say that 5 is 
the difference of 12 and 7 1 If two positions or directions are not the same, 
they must be different, and that difference is called a distance, or inclination, as 
the case may be. These ' differences ' are not magnitudes, but the magnitudes 
used to compare them are lengths, and angles, respectively. If Mr Wilson did 
not make this clear, I hope at least that I have done so. 
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abstract notion — it does not necessarily imply that there is, or 
even might be, a straight line between them. Thus it may be 
measured by an amount of transference, under fixed conditions. 
But length is a concrete measure of an actual figure ; it is a 
piece of a straight line of given dimension, which may be carried 
about and compared with other straight lines. So other 
dimensions may be regarded as material things, pieces of 
planes or solids. On this view also an inclination is not a 
dimension but an abstract notion, analogous to a distance ; but 
an Euclidian angle, a piece of a plane, even though an infinite 
piece, is precisely analogous to an area. These conceptions are 
brought out clearly enough in the definitions. 

The assigned methods of measuring distances and inclinations 
are purely arbitrary, and that they are feasible has to be deduced 
from the axioms, later on. It is also shown in the text that the 
methods are convenient, as they measure the quantities with 
the minimum amount of transference and twisting respectively. 
The method of measuring a straight angle is an obvious ex- 
tension of that used for any other angle ; but, in as far as it is 
arbitrary, it too is shown to be feasible and convenient. 

One of the features of my method is that I do not separate 
the text in the usual manner into ' Plane ' and ' Solid Geometry,' 
but rather into the geometry of lines, and the geometry of 
surfaces and space. In ordinary Plane Geometry all the figures 
are supposed to be 'in a plane.' This is rather hard on a 
beginner, who can hardly be expected to have any clear idea of 
what a plane is, and the result is that he is apt to miss the 
force of this important restriction. Even his teachers do the 
same thing, as witness the fact already referred to that in, I 
believe, no text-book is the necessary condition noted that the 
straight lines in Euclid's 12th Axiom must be 'in one plane.' 
Again in Euc. I. 4, we read, " Therefore the whole triangle ABC 
coincides with the whole triangle DEF'\ I am sure that nine 
people out of ten miss the meaning of this sentence, which is, 
that their planes coincide. For why should they do so ? Did 
Euclid ever lay down an axiom that two planes cannot enclose 
a space ? And if this fact is deducible from his other axioms, 
where is the theorem in which he deduces it ? Yet this little 
sentence, which I am convinced most people overlook as a piece 
of Euclidian circumlocution, is the basis of a very large portion 
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of Euclid's reasoning, including his celebrated 47th proposition, 
and the greater part of his second and sixth books ! 

In my method I postpone all mention of planes, even their 
definition, till the second book. In the first book, however, I 
prove everything Euclid proves in his first book, which does 
not refer to plane areas; and two propositions which Euclid 
gives (though in slightly dififerent forms) in his eleventh book. 
I am thus able to postpone the definitions of the terms surface, 
plane, &c., to the second book ; where also I give definitions of 
terms which are either not defined at all in ordinary text-books, 
or whose definitions would require modification to be brought 
into accordance with my system. In my second book I prove 
everything in Euclid's eleventh (except one proposition referring 
to proportion) and several other highly important propositions 
which do not appear in any of the ordinary text-books. 

My three axioms, being the foundations of a purely sub- 
jective science, merely assert the power of the human mind to 
conceive certain things, the nature of the things in question 
being explained in the definitions. They do not assert any 
objective fact at all. Of course it would be possible for any 
given man to deny that he could conceive those things. I do not 
anticipate coming across many such people, but as they would 
be no more capable of understanding Euclid than of under- 
standing my geometry, I do not at present care to argue with 
them. 

My second axiom might be paraphrased thus — Space may 
be conceived to extend from every position in it in the same 
directions. For if the positions can be conceived, of course 
points may be conceived to occupy them, forming straight lines 
&c. The full import of this axiom can only be explained later 
on, but in case anyone should object that Euclid proves that 
a straight line can be drawn through any point parallel to 
any given straight line, whereas I have to assume it, I must 
refer him to my remarks above, where I show that Euclid's 
pretended proof really rests on the debatable assumption con- 
tained in his 10th Axiom. 

I have deferred stating my third axiom till the beginning of 
the second book. I do this, not only because the beginner 
would not easily understand it until he had become more 
familiar with the idea of independent directions, but also to 
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emphasise the fact that the propositions in my first book in no 
way depend upon it. 

As the system of geometry I present in Part II. is a purely 
subjective one, I do not of course require any powers to draw 
straight lines, or perform any constructions as Euclid does. I 
only ask the reader to conceive the lines and figures, not to 
draw them, and only add the diagrams in the book to aid his 
imagination — he is on no account to suppose that the words in 
the text refer to the actual lines in the diagrams. Euclid 
himself virtually abandons- his geometrical drawing in his 
eleventh book, and falls back on hypothetical constructions. 
But on the other hand my imaginary constructions are hardly 
hypothetical. Each of them is strictly justified by appeals to 
the axioms of the science. Thus, I prove by those axioms that 
an angle may be conceived to be measured by the method I lay 
down in the definition, — that a plane may be conceived through 
any given position extending in any two given independent 
directions, — that a plane may be conceived to revolve about a 
fixed straight line in it, and so on. These, and similar points, 
are overlooked in every other geometry with which I am 
acquainted, even where actual constructions are made, as in 
Euclid. 

I have presented Part II. of this book almost in the form I 
should propose to give to an elementary text-book of geometry, 
though perhaps a few of these explanations would have to be 
incorporated with it. A beginner might very well assume its 
objective application at first, it would not be necessary or 
advisable to trouble him with such metaphysical subtleties. 
It would evidently be easy upon this foundation to build up 
the remainder of a complete work of Elementary Geometry. 
But in the meanwhile, all the fundamental propositions having 
been demonstrated (including the fact that two planes cannot 
enclose a space, required in Euc. I. 4), the superstructure may 
be bodily taken from the ordinary text-books. 

NOTE. 

I feel it necessary here to refer briefly to some previous attempts to 
make use of * direction * in elementary treatises on geometry, and to the 
strictures which have been passed upon them. For I have ah-eady found 
a disposition on the part of my opponents in argument to save themselves 
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PAET II. 

A SUBJECTIVE THEORY OF GEOMETRY, DEDUCED 

FROM THE TWO FUNDAMENTAL CONCEPTS, 

POSITION, AND DIRECTION. 

BOOK I. 

on straight lines, and angles. 

Definitions. 

1. Implicit definition of Position : — 

(a) A position may be conceived to be indicated by a 
portion of matter, called a point, which is so small that for 
the purpose in hand variations of position within it may be 
neglected. 

(6) But a position is not the same thing as a point, 
for a point may be conceived to move, that is, to change its 
position, whereas to talk of a position as moving, is a contradic- 
tion in terms. 

2. Implicit definition of Direction : 

(a) A direction may be conceived to be indicated by 
naming two points, as the direction from one to the other. 

(6) If a point move from a given position constantly in 
a given direction, there is only one path, or series of positions 
along which it can pass. (Such a path may be called a ' direct 
path,' and a continuous series of points occup)ring such positions, 
a straight line ; see definition 4.) 

(c) If the direction fi-om A to B \& the same as the 
direction from B to C, that from J. to (7 is also that same 
direction. 
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(d) If two unterminated straight lines which intersect, 
are each intersected by a third straight line in two separate 
points, any unterminated straight line extending in the same 
direction as this last one, which intersects one of the two 
former, shall also intersect the other. 

3. The direction from B to Am said to be opposite to that 
from A to B, 

4. A straight line is a continuous series of points extending 
from each of them in the same two opposite directions. 

(Note. Since a straight line which extends from A U> B 
also extends from B to Ay it must always extend in two opposite 
directions.) 

5. If a point may be conceived to move from one position 
to another in a given direction, or else along a series of straight 
lines extending in a succession of directions, the single direction 
is said to be dependent upon those other directions. But if it 
is impossible to move the point from the one position to the 
other by any series of straight lines whatever, in those 
directions, the single direction is said to be independent of 
them. 

6. The difference between two positions is called the 
distcmce between them. 

It is conventionally measured by the amount of transference 
required to move a point from the one position to the other in 
a constant direction, that is, along a straight line. (N.B. The 
propriety of this convention will appear when it is shown, in 
Prop. 16, that the amount of transference so required is a 
minimum.) 

7. The difference between two directions is called their 
inclination to one another. 

The measure of an inclination is called an angle and is the 
amount of twisting required to turn a straight line from the 
one direction to the other, with the condition that in turning it 
shall pass through a continuous series of directions all inter- 
mediate between and dependent upon the directions whose 
inclination is to be measured. (N.B. The possibility of so 
measuring an inclination is shown in Prop. 5, and its propriety 
appears when it is shown in Prop. 17 that the amount of 
twisting so required is a minimum.) 

D. 3 
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8. The measure of the inclination of two opposite direc- 
tions is called a straight angle, 

A straight angle is measured by the twisting of a straight 
line from the one direction to the other keeping it always in 
directions dependent upon the opposite directions and some 
third direction chosen arbitrarily. (N.B. Since no third 
direction can be dependent upon two opposite directions, the 
ordinary convention fails in measuring a straight angle. The 
propriety of this supplementary convention appears however 
when it is shown in Prop. 6, that whatever third arbitrary 
direction is chosen the result will be the same.) 

9. An angle equal to half a straight angle is called a right 
angle. 

10. The phrase * parallel to ' may be taken to be equivalent 
to * extending in all the same directions as. . .' 

Hence two straight lines are said to be parallel, if they both 
extend in the same two opposite directions. 

11. The phrase * perpendicular to...' may be taken to be 
equivalent to 'equally inclined to all the directions in which... 
extends.' 

12. A triangle is the figure formed by the three straight 
lines joining three points, which are not in one straight line> 
two and two. The points are called the comers of the triangle. 
The angle between the directions from one comer to the two 
others is called an interior angle (or merely an angle) of the 
triangle, and that between the direction from one comer to a 
second, and that from the second to the third is called an 
exterior angle. 

13. A quadrilateral consists of four straight lines joining 
four points, no three of which are in a straight line, two and 
two, in order. If the sides form two pairs of parallel straight 
lines, it is called a parallelogram (for names applied to other 
quadrilaterals, see end of Prop. 23 of the first book.) 

14. If two figures can be conceived, (either at once or at 
different times,) to occupy exactly all the same positions, they 
are said to be congruent to one another. 

15. The size of a geometrical figure is determined by the 
distances between the various points in it; its shxipe by the 
inclinations of the directions from one to another of the various 
pairs of points in it. 
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Aodoms. 



I. Any geometrical figure may be conceived to be moved 
from any one part of space to any other, except in so far as it is 
restricted by the other axioms (see Book ii. Prop. 14, corollary 
(iii)), without its size or shape being in any way altered. 

II. A straight line may be conceived to extend from any 
given position to any distance, in any given direction. 

(N.B. A third axiom is added at the begianiag of Book ii.) 



NOTE. 

A direction may be 'given' by naming two points, as the direction 
from one to the other, (D. 2. a.) or if it is not important to distinguish it 
from the opposite direction, it is enough to name a straight line extending 
in it. Hence by the second axiom we may conceive a straight line through 
one given point extending to another, or, as it is called, 'joining' the two 
points ; we may conceive a terminated straight line to be produced either 
way as far as we Uke ; we may conceive a straight line through one given 
point, extending in the direction from a second given point to a third ; or 
we may conceive a straight line through a given point parallel (see D. 10.) 
to a given straight Una 

The expression ' Join AB ' is used as an abbreviation for ' Conceive a 
straight line joining the points A and B,' 

A position, or point, is denoted by a single letter of the alphabet, as 
*the point A.* 

The distance between two positions, or the terminated straight line 
between them when considered in reference to its length, is denoted by the 
two letters denoting the positions or extremities of the line, with a bar 

over them thus, ' the distance AB,^ or * the straight line (72).' 

A direction is denoted by the letters denoting the points which indicate 
it, taken in order, as * the direction ABJ Thus the opposite direction to AB 
is * the direction BAJ 

An angle may be denoted as * the angle between the directions AB, and 
CD,* But if it is between the directions from one point to two others it is 
merely denoted by the three letters denoting the points, that denoting 
the point from which the directions lie being placed in the middle. Thus 
the angle between the directions AB and AC is called simply *the angle 
BAC^ or ' the angle CAB,^ A straight line may be denoted by the letters 
denoting two or more points in it. If there are only two letters the order 
is indifferent, but if there are more than two they are (if possible) placed 
in the order they actually he, either forwards or backwards, but this rule 
need not be followed where the order of the points themselves is not 
determinate. 

3—2 
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N.B. It must be observed that a direction (and consequently an 
inclination and an angle also) has no position in space. Thus we may 
freely talk of the angle between the directions AB and CD even if the 
straight lines AB and CD do not intersect, and to speak of the angle 
between AB and ^(7 as Hhe angle at ^1 ' (as Euclid sometimes does) is 
incorrect, as also it is to talk of Hhe angle between two straight lines/ 
Moreover as each straight line has two opposite directions, there are foiu* 
angles < between them,' not one, if we consider the phrase merely an 
abbreviation for 'between their directions.' 



Proposition I. 

Two parallel straight lines cannot intersect, nor can any two 
straight Unes intersect in more than one point 

For, if iwo parallel straight lines had a common position, and 
from this position a point were to move in either of the two 
opposite directions in which they both extend from it, it could 
only move along one path [D 2 (6)] and therefore there could 
not be more than one straight line through this position in the 
given directions. 

And if any straight line extend from a point il in a given 
direction to the next point 5, and from B to the next point C, 
the direction BG is the same as AB [D 4], and therefore the 
direction AC \b the same direction [D 2 (c)]. So it may be 
proved that the direction AD to the next point, and so to any 
point on the same side of il is the direction AB, In the same 

A O 

H-4H 

B 

way the direction from A to any point on the other side of A 
\&BA. 

Therefore no two straight lines can have two common 
points, for if they had they would extend in the same directions, 
and also intersect, which is impossible (see above). 

Therefore Two parallel straight lines &c. Q. E. D. 

Corollary. Two straight lines cannot enclose a spax^. 

Note. The references in brackets refer to the premises or previous 
propositions: D= definition, A, axiom, P, postulate, c, corollary. 
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Proposition II. 

If each of two unterminated straight lines intersect each of 
two intersecting straight lines in two separate points, they shall 
either be parallel to one another, or shall intersect 

For if two straight lines AB, A^R each intersect each of the 
two intersecting straight lines AA\ BB\ which intersect in 0, 
in the separate points A, B and A\ B', 

Conceive a straight line through A' parallel to AB, [A 2. 

Then the straight lines OAA\ OB which intersect in 0, are 




met by the straight line AB in separate points, and one of them, 
OAA' is met by the parallel straight line A'C in A\ 

Therefore OB is also met by this straight line in some point 
(7 [D 2 (d)]. Now, if G is the same point as E, the straight 
line A'G ha the same as A'ff, [I. 1], which latter is therefore 
parallel to AB. 

But if G is not the same point as R, then the two straight 
lines GRB, A'B, which intersect in- E, are met by the straight 
line A'G in separate points, and one of them, GBR is met by 
the parallel straight line AB in B, 

Therefore the unterminated straight lines AB, A'B* must 
intersect. [D 2 (d). 

Therefore If each of two &c. ^ Q. E. D. 



Proposition III. 

If each of two unterminated straight lines intersect each of 
two parallel straight lines, they shall either be parallel to one 
another^ or shall intersect. 
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For if two unterminated straight lines AB^ A'B each 




intersect each of two parallel straight lines AA\ BBy in -4, J?, 
and A' , S, 

Let G be any third point in AB. Join GE, [A 2; 

Then the straight lines GBJ., GR which intersect in (7, are 
met by the straight line BB* in separate points, and one of 
them, GBA is met by the parallel straight line AA\ 

Therefore the other, GB, also intersects AA' in some point 
D, [D 2 (d). 

Now, if A' is the same point as D, the straight line A'E is 
the same as the straight line CRD, and therefore intersects 
AB in G, [I 1. 

But if ^' is not the same point as D, the unterminated 
straight lines AB, A!B! each intersect each of the two inter- 
secting straight lines AA'B and GBB in separate points. 

Therefore they are either parallel, or intersect. [I. 2. 

Therefore If each of two &c. q. e. d. 



Proposition IV. 

If each of two straight lines which intersect are intersected by 
a transverse straight line in separate points, any straight line 
thrmigh their point of intersection, which also intersects the 
transverse straight line, is in a direction dependent upon their 
directions. 

And conversely, ojny straight line through their point of 
intersection in a direction dependent on their directions either 
intersects, or is parallel to, any such transverse straight line. 

For if 0-4, OB be two straight lines intersecting in 0, and 
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AB be a transverse straight line intersecting OA in A, and OB 
in 5, 

And if OX be any other straight line through 0, intersecting 
AB in Z, 

Through X conceive an unterminated straight line XZ, 
parallel to OA. [A 2. 

Then, since the straight lines BXA, BO, which intersect in 




B, are met by the straight line J.0 in separate points, and one 
of them BXA is met by the parallel straight line XZ, in X, 

Therefore BO is also met by XZ in some point Z [D 2 (d)]. 
Hence a point may be conceived to move from to X in the 
direction OX along the straight line OX, or along the straight 
lines OZ, ZX, in the directions OB, OA. 

Therefore the direction OX is dependent upon the directions 
OA, OB, [D 5. 

And conversely, 




If the direction OX is dependent upon the directions OA, 
OB, 

Then it must be possible to move a point from to some 
point X in OX in the direction OX, or else to move it to X by 
a series of straight lines OZ, ZX in the directions OB, OA. 

[D5. 

Let B be any other point in OZB, join BX. 

Then since the straight lines BZO, BX, which intersect in 
B are met by the straight line ZX in separate points ; and one 
of them BZO is met by the parallel straight line OA in 0, 
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Therefore BX is also met by OA in some point J. [D 2 (d)] 
and therefore OX intersects the transverse straight line AB, 

And if il'S' be any other transverse straight line, intersecting 
OA in A\ and OB in B, 

Then the two straight lines AB, A'B' each intersect each of 
the two intersecting straight lines OAA , OBB! in separate 
points. 

They are therefore either parallel, or they intersect. [I. 2. 

But if they are parallel, 

Then the straight lines OBB, OX which intersect in 0, are 
met by the straight line BX in separate points, and one of 
them, OBB , is met by the parallel straight line BA' in B, 

Therefore OX also intersects BA\ [D 2 (d). 

And if AB, A'B are not parallel, let them intersect in P. 
Therefore the straight lines PA', OX each intersect each of the 
intersecting straight lines PAX, A'AO in separate points. 

Therefore PA'B and OX are either parallel, or they 
intersect. [1. 2. 

Therefore If each of two &c. Q. E. D. 



Proposition V. 

A straight line may he conceived to be twisted from any one 
given direction to any other which is independent of it, so as to 
meoMLre the angle between them, in one, and only one way. 

For if be any fixed point, straight lines OA, OB may be 
conceived in the given directions from to points A, B [A 2], 
which will not be one and the same straight line, since the 
directions are independent. 




And a straight line may be conceived joining AB, and also 
one from to any point X in AB. [A 2. 
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And the point X may be conceived to move along AB from 
A to B, that is in the constant. direction AB, in one and only 
one way. [D 2 (6). 

As it does so OX is twisted from the direction OA to OB in 
one, and only one way. 

And since the directions in which OX extends are always 
intermediate between, and dependent upon the directions OA and 
OB [I. 4], the twisting of OX measures the angle AOB, [D 7. 

Therefore A straight line Sic. Q. B. D. 

Corollary. If any direction be intermediate between and 
dependent wpon two others, the sum of the angles it makes with 
those two directions is equal to the angle they make with each 
other. For the twistings of a straight line to measure the 
former angles are parts of the twisting which measures the 
latter. 

Proposition VI. 

The inclinoution of two opposite directions is a constant 
inclination; and the conventional method of measuring it always 
gives the same angle. 

For if OA, OB be straight lines from any point to points 
A, By in. opposite directions, 

And if 0'A\ ffR be two other straight lines from any point 

0^ to points A\ R, in any other two opposite directions, 

• 

Then since the direction AG is opposite to OA [D 3], it is 
the same as OB, Therefore AOB is one straight line. 

So also A' OB! is one straight line. 

Therefore if the straight line AOB be conceived to be moved 
so that falls on 0' and A in A'B! [A 1], the straight lines 
will become one and the same straight line [1. 1], that is OB, 
O'B! will also coincide. 

Therefore the inclination of OA to OB is the same as that 
if O'A' to O'B! in the new position, and the inclination was not 
altered by the movement of AOB [A 1]. Therefore the incli- 
nations of the opposite directions were the same. 

And if the inclination of OA to OB be measured by twisting 
a straight line from OA to OB, keeping it in directions dependent 
on the directions OA, OB, 00, [D 8. 
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And if the inclination of O'A! to O'B! be measured by a 





straight line keeping it in directions dependent on 0*A\ O^B, 
(yC'\ 00 y O'O' being any arbitrarily chosen directions, [D 8. 

Then either the angles AOOy A'O'C must be equal, or one 
must be greater than the other, say AOO than A'O'C 

In the latter case as a straight line OX revolves to measure 
the angle AOBy before reaching 00 it will reach some situation 
OX such that the angle -40Z is equal to AW\ 

Hence if the whole figure AGB be conceived to be moved 
and placed so that coincides with 0' [A 1], AOB with 
A'OfB, either 0(7, or in the latter case OX, may be made to 
coincide with O'G, 

Therefore in the former case the figures are congruent, and 
therefore the twisting of the same straight line measures both 
straight angles, which are therefore equal. 

In the latter case the straight angle AOB measured by 
a straight line twisted through directions dependent on OA, 
OB, and OX is equal to the straight angle A^O'R, and since 
this straight line in revolving passes through 00 [I. 4], it gives 
the same angle as one twisted through directions dependent on 
OA, OB and 00. 

Therefore The inclination &c. Q. E. d. 

Corollary, (i) Hence tiie sum of the angles between any 
direction and two opposite directions is a straight angle, 

(ii) Hence also a right angle, which is half a 
straight angle, is a constant angle. 
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Proposition VII. 

The angle between two directions is equal to thai between the 
directions opposite to them. 

For if AOA'y BOB, be any two straight lines through any 
point ; OJ., OB being two given directions, and OA* OB the 
directions opposite to them, 

If we conceive one end, OX of a straight line XOX' to 
revolve from OA to OB, measuring the angle AOBy the other 
end OX' will at the same time be revolving from OA' to OB' 




and measuring the angle A' OB'. 

Therefore the angle between OA and OB is equal to that 
between OA! and OB!. 

Therefore The amgle &c. Q. E. d. 



PfiOPOsmoN VIII. 

The sum of the interior angles of any triangle is a straight 
angle. 

For if ABC be any triangle, 

Conceive the side BC to be produced to D, [A 2. 




And through G conceive a straight line CE in the direction 
BA, to any point E. 



44 PART IL 

Then because the directions CE^ CD are respectively the 
same directions as BA, BG, 

The angle DGE is the same as the angle CBA. 

And because the directions CE, CA are respectively opposite 
to the directions AB, AG, 

The angle EGA is equal to the angle BAG, [I. 7. 

But since a point can be conceived to move from 5 to J. in 
the direction GE, or else by straight lines BG, GA in the 
directions GD, GA, 

The direction GE [D 5] is dependent on the directions GD, 
GA ; and it is intermediate between them. 

Therefore the sum of the angles DGE, EGA is equal to the 
angle DGA, [I. 5 c. 

Therefore the sum of the angles GBA, BAG, AGB is equal 
to the sum of the angles DGA, AGB, 

That is, to a straight angle. [I. 6 c. (i). 

Therefore The svm &c. Q. K D. 

Corollaries, (i) Hence the exterior angle of a triangle, a^ 
ACD is equal to the sum of the two interior opposite angles CBA, 
BAC. 

(ii) Hence also the sum of any two angles of a triangle is 
less than a straight angle, and any exterior angle is greater than 
either of the interior opposite angles. 

Proposition IX. 

Ifea^h of two straight lines intersect each of two intersecting 
straight lines, or of two parallel straight lines, in separate points, 
and 

(i) if their directions on the same side of one of the trans- 
verse straight lines are equally inclined to one of its directions; 
or 

(ii) if they make with its opposite directions angles whose 
sum is a straight angle ; or 

(iii) if their directions on opposite sides of the transverse 
line make equal angles with its opposite directions; 

the straight lines shall he paraileL 

For if each of two straight lines AB, GD intersect each of 
the two straight lines EF, KL, which either intersect or are 
parallel, 



BOOK L 45 

Then AB, CD either intersect or are parallel. [I. 1 and 2. 




But they cannot intersect, for if they did, in say : 

(Then if EF intersect AB in and CD in H, OQH would 
be a triangle, and therefore) 

(i) The exterior angle EQO would be greater than the 
interior opposite angle OHO [I. 8 c. (ii)], whereas it is not, if 
the directions OB^ HD of the straight lines AB^ CD on the 
same side of EF are equally inclined to the direction HE, or 
OE,oiEF\ 

(ii) The sum of the interior angles BOH, DHO of the 
triangle OHO would be less than a straight angle. [L 8 c. (ii). 

And since the sum of the four angles AOH, BOH, GHO, 
DHO is two straight angles [L 6 c. (i). 

The sum of the angles AOH, CHO would be greater than 
a straight angle, 

Whereas in both cases they are equal to a straight angle, if 
the directions of AB and CD on the same side of EF make 
with its opposite directions angles whose sum is a straight 
angle, 

(iii) And the angle AOH would be greater than the 
interior opposite angle DHO of the triangle OHO [L 8 c. (ii)], 
whereas it is not, if the directions OA, HD of the straight lines 
AB, CD on opposite sides of EF make equal angles with its 
opposite directions. 

So it may be proved that none of the conditions in the 
enunciation can hold unless AB is parallel to CD. 

Therefore If each of two &c. Q. E. D. 

Corollary. And, conversely, it is evident that if AB is 
parallel to CD all the conditions in the enunciation will hold, 
from the definitions of the terms, or as special cases of Proposi- 
tions 6 cor. (i), and 7. 
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Proposition X. 

If two triangles have two sides of the one respectively equal 
to two sides of the other, and the angles between the directions of 
those sides equal, they shall be congruent to each other. 

For if the sides AB, -4(7 of a triangle ABO are respectively 
equal to the sides DE, DF of a triangle DEF, 

And the angles BAG, EDF between the directions of these 
sides are equal, 

Then the triangle ABG may be conceived to be moved, 





[A 1], and placed upon DEF, so that the comer A falls upon 
D, the side AB upon DE and, since the angles BAG, EDF are 
equal, the side A G upon the side DF. 

And since AB is equal to DE and -40 to DF, the comer B 
will fell upon E, and G on F, 

Therefore BG will coincide with EF [I. 1] and consequently 
the triangles are congruent. [D 14. 

Therefore, If two triangles &c. q. e. d. 

Corollary. Hence if two sides of a triangle are equal, two of 
its angles, namely, those between the directions of the equal sides 
and the third side, are equal 

For if -4jB in the above proof had been equal to AG, the 
triangle ABG might also have been moved so that AB fell on 
DF, and -40 on DE, and the triangles would also have been 
congruent so. Hence both the angles ABG and A GB would be 
shown to be equal to DEF, and therefore to each other. 
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Proposition XI. 

If two triangles have two cmgles of the one respectively equal 
to two angles of the other, and have two corresponding sides 
equal, they shall be congruent to each other. 

For if ABG, DEF be two triangles which have two angles 
of the one respectively equal to two angles of the other, 




C E 




Then since the sum of the three angles of every triangle is 
a straight angle, [I. 8. 

The third angles of the two triangles are also equal. 

Hence if EG, EF are corresponding equal sides. 

The triangle ABG may be conceived to be moved [A 1] and 
placed so that the comer B falls on E, the side BG on EF, and 
since the angle ABG is equal to the angle DEF, the side BA 
upon the side ED, 

Then since BG is equal to EF, G will fall upon F\ and 
since J. is in BA, it will fall upon ED, or ED produced. 

Hence if a straight line through F be twisted from the 
direction FE towards the direction FD [I. 4], measuring the 
angle EFD [I. 5], and always intersecting ED, or BA, it will 
also measure the angle BGA, And since the angles EFD, 
BGA are equal, it must reach FD and GA both at once. 

Therefore A must coincide with D, and the triangles be 
congruent. 

Therefore If two triangles &c. q. E. D. 

Corollary. Hence if two angles of a triangle are equal, the 
two opposite sides are equal. 

For if the angle ABG in the above proof had been equal to 
the angle AGB, the triangle ABG might also have been moved 
so that G fell upon E, and B on F, and the triangles would also 
have been congruent so. Hence both the sides AB, AG would 
be shown to be equal to DE, and therefore to each other. 
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Proposition XII. 

The greater side of every triangle is opposite to the greater 
angle. 

And conversely, the side which is opposite to the greater 
angle is the greater side. 

For if one side -4(7 of a triangle ABC be greater than 
another AB, 




There must be some point D between A and G such that 
AD is equal to AB. Join BD. [A 2. 

Then because D is in AC between A and (7, the direction 
BD is intermediate between and dependent upon the directions 
BA, BO. [I. 4. 

Therefore the angle ABC is greater than the angle ABD. 

[I. 5 c. 

But since the sides AB, AD o{ the triangle ABD are equal, 

The angle ABD is equal to the angle ADB. [I. 10 c. 

And as the angle ADB is an exterior angle of the triangle 
BCD, it is greater than the interior opposite angle BCD, 

[I. 8 c. (ii). 

Much more therefore is the angle ABC greater than the 
angle BCD, or ACB. 

Therefore the greater side of every triangle is opposite the 
greater angle. 

And conversely, the side which is opposite to the greater 
angle is the greater side. 

For, if not, it must be either equal to or less than the other. 

But if it were equal, the opposite angles would be equal 
[I. 10 c], whereas they are not. 

And if it were less, the angle opposite to it would be the 
less (see above), whereas it is the greater. 

Therefore The greater side &c. Q. E. D. 
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Proposition XIII. 

If two triangles have two sides of the one respectively equal 
to two sides of the other, but the angle between the directions of 
those sides greater in the one triangle than in the other, the third 
side of the former triangle shall be greater than the third side of 
the other. 

And conversely, if the third side of the one triangle be 
greater than the third side of the otlier, the angle opposite to 
it in the former triangle shall be greater than the corresponding 
angle of the other. 

For if the sides AB, AG of a triangle ABC are respectively 
equal to the sides DE, DF of a triangle DEF, 

But the angle BAG be greater than the angle EDF, 

Then, of the sides AB, AG, one must be not less than the 
other. Suppose -40 to be that one. 

Through A conceive a straight line to be twisted from A B 
towards AG, always intersecting BG in X [I. 5], until it has 
described an angle equal to EDF. 

A 





Then since the angle EDF is less than the angle BAG, X 
will be between B and G. [I. 5 c. 

Then since AG is not less than AB, the angle ABG is not 
less than the angle AGB. [I. 12. 

And since AXG is the exterior angle of the triangle ABX, 

The angle AXG is greater than the interior opposite angle 
ABG. [I. 8 c. (ii). 

Therefore it is greater than the angle AGB. 

Therefore the side AC oi the triangle AXG is greater than 
the side AX. [I. 12. 

Hence if be the point in AX, in the same direction from 
J[ as X is, and at the same distance from it as C, the point X 
will be between A and 0. 

Therefore the direction GX is intermediate between and 
dependent upon the directions GA and CO. [I. 4. 

D. 4 
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Therefore the angle AGO is greater than the angle XCO. 

[I. 5 c. 

And similarly, because X is between B and (7, the angle 
BOG is greater than the angle XGfG. [I. 5 c. 

But since AO ib equal to AG, 

The angle AQG is equal to the angle AGO. [I. 10 c. 

Therefore the angle BOG is greater than the angle AGO 
and much more therefore is it greater than BGO. (See above.) 

Therefore the opposite side BG of the triangle BOG is 
greater than the side BO. [I 12. 

But since the sides AB, AO oi the triangle ABO are 
respectively equal to the sides DE, DF of the triangle DEF, 

and the angle BAO is equal to the angle EDF^ 

^Therefore the triangles are congruent, and BO is equal to 

EF. _ _ [1.10. 

Therefore BG is greater than EF. 

And conversely, if BG is greater than EF, the angle '5-4(7 
shall be greater than the angle EDF. 

For, if not, it must be equal or less. 

But if it were equal BG would be equal to EF [I. 10], 
which it is not, 

And if it were less, BG would be less than EF (see above), 
whereas it is greater. 

Therefore the angle BAG must be greater than the angle 
EDF. 

Therefore If two triangles &c. Q. e. d. 



Proposition XIV. 

If two triangles have the three sides of the one respectively 
equal to the three sides of the other, they shall he congruent 

For if one angle of the one were either greater or less than 
the corresponding angle of the other, the side opposite to this 
angle would be greater or less than the corresponding side of 
the other triangle, whereas it is equal to it. [I. 13. 

Therefore the angles between the directions of any two 
sides of the one triangle must be equal to the angle between 
those of the two sides equal to them of the other triangle. 

Hence the triangles are congruent. p. 10. 

Therefore If two triangles &c. Q. E. D. 
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Proposition XV. 

r 

If two triangles have two sides of the one respectively equal to 
two sides of the other, and an angle of the one triangle opposite 
one of those sides equal to that opposite the equal side of the 
other triangle^ then the angles of the two triangles opposite their 
other equal sides shall either he equal, or their sum shall he a 
straight angle. 

For if two sides AB, -4C of a triangle ABC are respectively 
equal to two sides DE, DF of a triangle DEF, and if the 
angles ABC, DEF opposite the equal sides AG, DF be equal, 





The triangle ABG may be conceived to be moved [A 1] 
and placed so that the corner B falls on E, BA on ED, and 
BC on EF, since the angle ABC is equal to DEF. 

And since ABv& equal to DE, A will fall upon D. 

And since C falls on EF, either it falls upon F, and the 
triangles are congruent, 

Or else it falls at some other point in EF, and DQF is a 
triangle. 

Of the two points and F, one of them, say Q, must be 
between the other and E. 

Then since the sides DQ, DF of the triangle DOF are 
equal, the angle DOF is equal to the angle DFO. [I. 10 c. 

But the sum of the angles DGE, DOF is a straight angle. 

[I. 6 c. (i). 

Therefore the sum of the angles DOE, that is AGB, and 
DFE is a straight angle. 

Therefore If two triangles &c. Q. E. D. 

Corollariea Hence (i) if hesides the conditions in the entm- 
dation it is known that the doubtful angles are either hoth 
greater, or hoth less, than a right angle, the triangles are 
congruent ; for then the sum of the doubtful angles cannot be 
a straight angle. 

4—2 
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(ii) If the hnovm equal angles are either right angles, or 
greater than rigid angles, the triangles are congruent ; for since 
the sum of the known and the doubtful angle in either triangle 
is less than a straight angle [I. 8 c. (ii)], both the doubtful 
angles must be less than right angles. 

(iii) Or, if it is known that one of the doubtful angles is a 
right angle, the triangles are congruent ; for then in either case 
the other doubtful angle is a right angle and therefore the 
triangles are congruent. [L 11. 



Proposition XVL 

Any two side^s of a triangle are together greater than the 
third. 

For if ABC be any triangle, 

Then if its sides are all equal, obviously any two of them 
together are greater than the third. 

But if not, one of them, say AB, must be not less than 
either of the others, and greater than one of them, say AC. 

Then there must be some point D between A and B, at 
the same distance from -4 as is. Join CD, [A 2. 




Then since the sides AG, AD of the triangle AGD are equal, 

The angles AGD, ADC are equal [I. 10 c. 

And therefore since their sum is less than a straight angle, 
each of them is less than a right angle. [I. 8 c. (ii). 

But the sum of the angles CDB, CD A is a straight angle. 

[I. 6 c. 

Therefore the angle BDG is greater than a right angle. 

And the sum of the angles BDG, BCD is less than a straight 
angle. [I. 8 c. (ii). 

Therefore the angle BCD is less than a right angle. 

Therefore the angle BDG is greater than the angle BCD. 
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Therefore the side BG of the triangle BCD is greater than 

BD. _ _ [1.12. 

To these unequals add the equals AG and AD respectively. 

Therefore BG, GA are together greater than BD, DA, that 
is, than BA, 

And since no side of the triangle is greater than BA, any 
two sides of the triangle are together greater than the third. 

Therefore Any two &c. q. e. d. 

Corollary. Hence a straight line is the shortest path between 
two positions. For any other path may, within any assignable 
limits of accuracy, be supposed to be made up of a succession 
of short straight lines. And instead of traversing such a 
comery path, it would, by this proposition, always be shorter 
to miss out the next coming comer, and to go straight to the 
next but one. A fortiori would it be shorter to miss out all 
the corners, and go straight from the one position to the other. 

(Note. This is why the distance between two positions 
was defined as the amount of transference along a straight line 
between them.) 



Proposition XVII. 

Any two of the angles between three independent directions 
are together greater than the third. 

For if be any position, and if straight lines OA, OB, OG 
be conceived extending from it in any three independent 
directions, 

Then, if the three angles between them are all equal, 
obviously any two of them are together greater than the third. 

But if not, one of them, say AOB, must be not less than 
either of the others, and greater than one of them, say AOG, 

Conceive a straight line [A 2] joining any two points A 
and B in the given directions from 0, and conceive a straight 
line to revolve from OA towards OB, always intersecting AB 
in D, until the angle AOD is equal to J. 00. [I. 5. 

Then D will be between A and B, since the angle AOB is 
greater than AOG. [I. 5 c. 

Let be the point in the third given direction from 0, at 
the same distance from it as D is. Join GA, GB. [A 2. 
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Then since the direction OG is independent of the directions 
Oil, OB ; OO cannot intersect ABy and C is not in AB. [I. 4. 

Therefore -4(75 is a triangle. [D 12. 

Therefore AG, GB are together greater than AB. [I. 16. 

And since the sides 0-4, OG of the triangle GAG are 
respectively equal to the sides OA, OD of the triangle OAD, 
and the angle -400 is equal to the angle AOD, 

The triangles are congruent, and therefore -40 is equal to 
AD. [110. 

But -40, GB are together greater than AD, DB, 

(See above.) 

Therefore GB is greater than DB. 

But the sides OG, OB of the triangle OBG, are respectively 
equal to the sides OD, OB of the triangle OBD. 

Therefore the angle 00 J5 is greater than the angle DOB, 

[L13. 

To each of these unequals add the equals -400, AOD re- 
spectively. 

Therefore the angles BOG, GOA are together greater than 
BOD, DO A, that is, the angle 50-4. [I. 5 c. 

And since none of the three angles are greater than 50-4, 
any two of them are together greater than the third. 

Therefore Any two &c. q. e. d. 

Corollary. Hence the shortest way of twisting a straight line 
from one direction to another is cw in measuring the angle 
between them. 

For any other way of twisting it may, within any assignable 
limits of accuracy, be supposed to be made up of a succession 
of short twistings as in measuring the angles between a series 
of directions. And instead of twisting it through such a 
succession of directions it would, by this proposition, always be 
shorter to miss out the next coming direction, and to twist it 
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as if measuring the angle to the next but one. A fortiori 
would it be shorter to twist it at once as if measuring the 
angle from the first direction to the last 

(Note. This is why an angle was defined as the amount 
of twisting through a continuous series of directions inter- 
mediate between and dependent upon the extreme directions.) 

Proposition XVni. 

The sum of the angles between any three independent direc- 
tions is less than two straight angles. 

For if be any position and if straight lines be conceived 
through extending in any three independent directions 
OA, OB, OG to points A, 5, G, 

Join AB, BG, €A ; 

Then since the direction OA is independent of the direc- 
tions OB, OG; OA cannot intersect BC. [I. 4. 




And since AO does not intersect BG, the direction AO is 
independent of the directions AB and AG. [I. 4. 

Therefore the angles OAB, OAG are together greater than 
BAG [I. 17. 

Similarly the angles OB A, OBC are together greater than 
ABC and the angles 0GB, OGA are together greater than BGA. 

Therefore the six angles OAB, OAG, OB A, OBC, OCB, 
OCA together, are greater than the three angles of the triangle 
ABC, 

That is, than a straight angle. [I. 8. 

To each of these unequals add the three angles AOB, BOG, 
COA, 

Then the nine angles of the three triangles OAB, OBC, 
OCA, that is, three straight angles, are together greater than 
one straight angle together with the three angles AOB, BOG, 
COA. 
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Therefore these three angles are together less than two 
straight angles. 

Therefore The sum &c. Q. E. D. 



Proposition XIX. 

One, and only one, straight line can he conceived to a given 
straight line from a given point without it, in a direction per- 
pendicular to it 

For if be any point outside a straight line AB, 

Let (7, Z) be any two points in AB. Join 0(7. 

Then if the angle OCA is equal to the angle 0GB, OG is 
perpendicular to AB. [D 11. 




Ed b 



But if not, then since the sum of the angles OCA, 0GB is 
a straight angle [I. 6 c. (i)], one of them must be greater and 
the other less than a right angle. [D 9. 

Let OCB be the one that is less than a right angle. 

Since every straight line through in a direction dependent 
on the directions OG and OD either intersects AB, or is parallel 
to it, [I. 4. 

If a straight line OP through revolve from OG towards 
B, remaining in directions dependent upon OG and OD, it will 
continue to intersect AB on that side of G on which B is, until 
it is parallel to AB, 

That is, until the sum of the angles POG, 0GB is a straight 
angle. [1. 9 c. 

But since the angle GB is less than a right angle, before 
this OP will reach a direction such that the sum of the angles 
POG, 0GB is a right angle. In this direction let it intersect 
AB in E. 

Then OEB is the exterior angle of the triangle OGE and 
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is therefore equal to the sum of the two interior opposite 
angles EOG, OGE [I. 8 c. (i)], that is, to a right angle. 

But the sum of the angles OEB, OEA is a straight angle 
[I. 6 c], that is, two right angles. [D 9. 

Therefore the angles OEB, OEA are equal, and OE is 
perpendicular to AB, [D 11. 

But no other straight line from to AB can be so, for if 
one as OD were, the angles ODEy OED would be both right 
angles, and therefore their sum a straight angle, whereas being 
interior angles of a triangle their sum must be less than a 
straight angle. [I. 8 c. (ii). 

Therefore One, and only one, &c Q. E. D. 



Proposition XX. 

The shortest path to a straight line from a point vjithovt it is 
the straight line perpendicular to it. 

And of all other straight lines to it from the given point, 
those which meet it at equal distances from the foot of the 
perpendicfular are equal, and those which meet it nearer the foot 
of the perpendicular are shorter than those which mset it farther 

off. 

For if be any point outside a straight line AB, 




A O F C E B 

Conceive a straight line OG from to G in AB, in a 
direction perpendicular to AB, [I. 19. 

Conceive a straight line from to any other point D in AB. 

Then since ODG is a triangle, the sum of the angles ODG, 
OGD is less than a straight angle. [1. 8 c. (ii). 

But the angle OGD is half a straight angle. [I. 6 & D 11. 

Therefore the angle ODG is less than half a straight angle, 
and therefore less than OGD. 

Therefore the side OG of the triangle OGD is less than the 
side OD. [1. 12. 
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Therefore OC is the shortest straight line, and a fortiori 
the shortest path from to AB, [I. 16 c. 

And if -ff be any other point in AB at the same distance 
from (7 as D is, 

The sides 0(7, CD of the triangle OGD are respectively 
equal to the sides 0(7, GEoi the triangle 00 Ey and the angles 
OGD, OGE are equal. _ 

Therefore the triangles are congruent, and OD is equal to 

6e. [l 10. 

And if F be any point nearer to G than D or £' is, say on 
the same side as 2), 

Then it may be shown as above that the angle OOF being 
a right angle, the angle OFG is less than a right angle. 

p. 8 c. (ii). 

Therefore the angle OFD is greater than a right angle. 

But the angle ODF is less than a right angle, and therefore 
less than OFD. 

Therefore the side OF of the triangle OFD [I. 12] is less 
than the side OD. 

Therefore The shortest path &c. Q. e. d. 



Proposition XXL 

The straight lines which join those ecctremities of two equal 
and parallel straight lines which lie in opposite directions from 
the others, bisect one another ; 

And those which join those extremities which lie in the same 
directions from the others, are themselves equal and parallel. 

For if AB, GD be two equal and parallel straight lines, the 
direction from A to B being the same as that from G to D, 

Then if a straight line through A be conceived to revolve 
from the direction AG towards AD and so on, remaining 
always in directions dependent on AG and AD, it will continue 
to intersect GD on the same side of as i) is, until it is 
parallel to GD, that is, coincident with AB. [I. 4. 

Therefore the direction AD is intermediate between, as 
well as dependent upon, the directions AG, AB. 

Therefore AD must intersect GB between (7 and B, in 0, 
say. [1. 4. 
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Similarly CB intersects AD between A and D, in 0. 

Then, since the directions AB, AD are respectively opposite 
to the directions DC, DA, 

The angle BAG is equal to the angle ODD. [I. 7. 

Similarly the angle ABO is equal to the angle DGO, 

And the sides AB, CD of the triangles OAB, GDC are equal 

Therefore the triangles are congruent. [I. VL 

Therefore AG is equal to OS and 50 to 0^, that is, AD, 

CB bisect one another in 0. 

And since GA is equal to GD and GB to GG, and the 
angles AGC, DOB of the triangles AGC, DOB are equal, 




Therefore the triangles are congruent. [I. 10. 

Therefore AG ia equal to BD, 

And the angle AGB is equal to the angle CBD, 

Hence the two straight lines AC, BD each intersect each of 
the intersecting straight lines AD, BC in separate points, and 
their directions CA, BD on opposite sides of one of these 
straight lines, make equal angles with its opposite directions 
CB, BC. 

Therefore they are parallel [I. 9. 

And they have been shown to be equal. 

Therefore The straight lines &c. Q. E. D. 



Proposition XXII. 

The perpendicular distance of any point in a straight line 
from a straight line paraMel to it, is constant. 

For a A,B be any two points in a straight line to which a 
straight line CD is parallel, 

Conceive the straight line AC from A to CD perpendicular 
to CD, p. 19. 

And let D in CD be in the same direction from (7 as £ is 
from A, and at the same distance from it. 
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Then AB^ CD are equal and parallel straight lines. 



B 



AB. 



Therefore also AG and BD are equal and parallel. [I. 21. 
Therefore BD is the perpendicular to CD, and is equal to 



Therefore The perpendicular &c. 



Q. £. D. 



Proposition XXIII. 

The opposite sides and angles of a parallelogram are equal 
to one another. 

For if ABDC be a parallelogram, AB]& parallel to CD, 

[D13. 

Let X in CD be the point in the same direction from C as 
B is from A, and at the same distance from it, 

B 



X 



Then AB, CX are equal and parallel straight lines. 

Therefore AC and BX are equal and parallel straight lines. 

[I. 21. 

But BD is parallel to AC, [D 13. 

Therefore BX and BD extend in the same directions from 
By and they are therefore one and the same straight line. [I. 1. 

And as both X and D are in CD also, they must be one 
and the same point. [I. 1. 

Therefore AB and CD are equal, as also are AC and BD. 

And since AB is parallel to CD, the sum of the adjacent 
angles of the parallelogram BAC^ ACD is a straight angle. 

[I. 9 c. 
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And for the same reason the sum of the angles AGDy CDB 
is also a straight angle. 

Therefore the angle BAG is equal to the angle CDB. 

And similarly the angle AGD is equal to the angle DBA. 

Therefore The opposite sides &c. Q. E. D. 

Corollaries, (i) Hence if it is possible for a point to move 
from one position to another by moving certain distances in two 
given directions successively, these movements may be taken in 
either order. 

(ii) Therefore also, if it is possible for a point to move from 
one position to another by moving certain distances in any 
number of given directions, these movements may be taken in 
any order whatever. For any desired change of order may be 
effected by repeatedly interchanging the order of two conse- 
cutive movements. We see therefore that the dependence or 
independence of a given direction on certain other directions, 
is an intrinsic relation between the directions, and has nothing 
to do with the magnitude, or order of the transferences selected 
to test it by. 

(iii) If two adjacent sides of a parallelogram are equul, all 
its sides are eqvxd. Such a figure is called a rhombus. 

(iv) If two adja^cent angles of a parallelogram are equal, 
all its angles are equal, and they are all right angles. For the 
sum of two adjacent angles is a straight angle. Such a figure 
is called a rectangle. A figure which combines both the 
properties of a rhombus and a rectangle is called a square. 
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ON PLANES AND SPACE. 



Lemma. 

If ecLch one of any growp of directions is dependent upon a 
certain nmnber of them, each of which is independent of the 
remainder in that number; then ea>ch one of the whole group of 
directions is dependent upon any similar number of independent 
directions chosen from among the group. 

Let the letters of the alphabet ah z denote the direc- 
tions in the group, and let a certain number of them, ah k 

say, denote the certain number of directions, each of which is 
independent of the remainder, upon which all the directions 
are dependent. 

The proposition will be proved by showing that for any 
one, a, of the independent directions a — k, we may substitute 
any one, z, of the remainder, and each one of the whole group 
will be dependent upon h — k and z\ provided only that z is 
independent of 6 — h 

For by hypothesis, z is dependent upon a — k. 

Therefore it is possible to move a point from some position 




A to another Z, by a straight line AZ extending in the direction 
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z, or by a successioii of straight lines AB, BG^ CD KZ in 

the successive directions a,h,c k. [D 5. 

The distances to be moved along some of these lines may 
perhaps be zero, but since the direction z is independent of the 
directions h — k, the distance along AB cannot vanish, for else 
it would be possible to move a point from A U) Z hy straight 
lines in directions h — k only. 

Therefore it is possible to move a point from A to 5 by a 
straight line in the direction a, or else by straight lines AZ, 
ZK DC, GB in directions z and k c, b, respectively. 

Therefore the direction a is dependent upon the directions 
z and b — k And if x be any other direction whatever in the 
group, then by hypothesis a movement in direction x may be 
replaced by movements along straight lines in directions a — k. 
But we have already seen that a movement along a straight 
line in direction a may be replaced by movements along 
straight lines in the directions z and b — k. 

Therefore a movement in direction x may be replaced by 
movements along straight lines in directions z and b — k, for 
the order of the movements is indifferent. [I. 23 c. (ii). 

Therefore If each one &c. Q. e. d. 

Note. We see from this proposition that directions may be 
classified in groups, as follows : 

(a) Groups dependent upon one independent direction. 

Such a group contains only two directions, the given direc- 
tion, and the one opposite to it. But there are any number of 
such groups (see A 3). 

(6) Groups dependent upon two independent directions. 

Such a group contains all the directions in which a straight 
line extends while revolving to measure a straight angle. 
There are also any number of such groups (see A 3). 

(c) Groups dependent upon three independent directions. 

Material space, as we ordinarily conceive it, consists of only 
one such group, and it is with such a space that we are here 
concerned (see A 3). 

Such groups may, for brevity, be spoken of as groups of one, 
two, or three independent directions. 
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Additional Axiom. 

III. Space may be conceived as extending from every posi- 
tion in it in three and only three independent directions. 

[Since (Ax. II.) a straight line may be conceived to extend 
in any given direction from any given position, all directions 
conceived by virtue of Axiom III. belong to one group of three 
independent directions, and the directions in which space extends 
are the same from every position in it.] 



Further definitions. 

16. A continuous series of positions extending from each 
one of them in a complete group of one, two, or three indepen- 
dent directions, is called a ' spread' If the directions in which 
it extends from every position in it are the same, it is called a 
regular spread. 

17. A spread of one independent direction is called a line, 
and a regular spread of one independent direction a straight 
line (see also D 4). If however the directions in which it 
extends vary gradually from point to point in the line, it is 
called a curved line. 

18. A spread of two independent directions is called a 
surface^ a regular spread of two independent directions a plane 
surface, or merely a plane. If however the directions, or some 
of them, in which it extends vary gradually from point to point 
in the surface, it is called a curved surface. 

19. The spread of three independent directions called space 
is a regular spread (see A 2, 3). Any limited portion of it is 
called a geometrical solid. 

20. A dimension is a measurement made upon a figure 
with a view to determining its size. 

21. Linear dimensions are measures of the extension of 
portions of spreads of one independent direction, that is, of 
lines. 

22. Among linear dimensions, length, breadth, and thick- 
ness, are measured along three straight lines in independent 
directions. Circumference is measured round a closed line 
surrounding the figure, &c. 
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23. Superficial dimensions are measures of the extension 
of portions of spreads of two independent directions, that is, 
of surfaces. 

24. Among superficial dimensions plane areas are measured 
over planes, and curved areas over curved surfaces, &c 

25. Volumetric dimensions or volumes are measures of the 
extension of portions of spreads of three independent directions, 
that is, of solids. Since by Axiom III. we have only conceived 
one such spread, we need only conceive one kind of volume. 

26. If two planes intersect in a straight line, the angle 
between directions in each perpendicular to that straight line 
is called the angle between the planes. 

27. A tetrahedron is a figure consisting of six straight lines 
joining four points, which are not in one plane, two and two. 

28. A parallelepiped is a figure consisting of twelve straight 
lines forming the intersections of three pairs of parallel planes. 

(The terms tetrahedron and parallelepiped are often also 
used to denote the envelopes formed by the planes in which 
these straight lines are, or the geometrical solids which they 
enclose.) 

29. Two positions are said to be on opposite sides of a 
point when they lie in opposite directions from it; in other 
words, when the point is in the straight line joining the posi- 
tions, and between them ; 

So two positions are said to be on opposite sides of a line or 
surface if the straight line joining them intersects the line or 
surface once between them ; 

But if the line or surface intersect the straight line joining 
the positions twice between them, each of the positions is on 
the opposite side of the line or surface to a position in the 
straight line between the two intersections, and they are there- 
fore on the same side of the line or surface as each other. 

So generally, two positions are said to be on the same, or 
opposite sides of a line or surface, according as the straight 
line joining them intersects that line or surface an even or an 
odd number of times, between them. 

NOTE. 

With reference to the definitions of the words parallel and perpen- 
dicular, the reader is requested to observe that they apply equally to 

D, 5 
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planes, or to a plane and straight line. Thus one plane is parallel to 
another if it extends in all the same directions as it. So a plane' is parallel 
to a straight line if it extends in its two directions ; but it would not be 
acciu>ate on this definition to speak of the straight line as parallel to a 
plane. From the definition of perpendicular, it is not strictly accurate 
to talk of anything but a direction as perpendicular to anything. But 
since if two straight lines are at right angles, each of the directions of 
either is perpendicular to the other, the straight lines may be called 
perpendicular. So with a straight line and a plane. But it* would be 
wrong to speak of two planes which are at right angles, as perpendicular to 
each other. 

A plane is denoted by three letters denoting three points in it which 
are not in a straight line (see n. 3). 



Proposition I. 

A plane may he conceived through any given position extend- 
ing in any two given independent directions. 

For if be a given position, 

Then straight lines may be conceived through to points 
A, B, in the given directions from 0. [A 2. 




And a transverse straight line may be conceived joining 
AB. [A 2. 

And straight lines may be conceived from to every point 
in ABy and also one through parallel to AB, [A 2. 

These straight lines are all in directions dependent upon 
the directions 0-4, OB, and their directions include all which 
are so dependent. [I. 4. 

And the directions form a continuous series. For clearly 
those of the straight lines which intersect AB form a continuous 
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series, since the positions in AB form a continuous series. [D 4. 
And the remaining directions, namely, the two in which AB 
extends, form part of the continuous series, the. straight lines 
in which intersect any other transverse straight line AF not 
parallel to AB. 

Therefore a continuous series of positions haa been conceived 
extending from in a complete group of two independent 
directions, dependent on the directions OA, OB, 

Moreover, it extends from any other point P in it in the 
same, and no other directions. 

For, since the straight line OP is wholly in the series of 
positions, it extends from P in the directions PO and OP, 

And if it extends from in any other direction to any 
point Xy 

Through P conceive a straight line PY parallel to OX, and 
let Y be any point in it. Join OY, [A 2. 

Then since it is possible to move a point froin to F by 
the straight line OY, or else by the straight lines OP, PY, 

The direction OF is dependent on the directions OP, PY, 

[D6. 

That is, on the directions OP, OX, 

But each of these is dependent on the directions OA, OB, 

Therefore the direction OF is dependent on the directions 
OA and OB, [Lemma. 

Therefore the point F is in the series of positions. 

Similarly any point in *PF is in the series of positions. 
Therefore the series extends from P in the direction PY, that 
is, the direction OXy and so in any direction in which the series 
extends from 0. 

And it extends in no other direction. 

For if it extends in any direction PZ, and Z be any point in 
this direction from P, in the series of positions. 

Then the direction OZ is dependent on the directions OA, 
OB, as also is the direction OP, 

Therefore the direction PZ, which is dependent on the 
directions OP, OZ, is dependent on the directions OA, OB, 

[D 6, Lemma. 

Therefore A plane may be conceived &c. q. e. d. 

Corollaries, (i) Hence an unterminated straight line may 
be conceived to revolve in a plane about a fixed point in itself, 

5—2 
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describing an angle, and before it has completed a straight angle 
it mil have parsed once, and only once, through every point in the 
plane. 

(ii) Hence also any number of straight lines through a 
fixed point, in a plane, may be conceived to revolve similarly, and 
if they revolve at the same rate their situations relative to each 
other will remain unaltered. 

(iii) And therefore any portion of a plane may be con- 
ceived to revolve in that plane, round any fixed point in it, and 
may therefore be moved to any part of the plane without any 
alteration of shape or size, so far as this can be accomplished by 
translation and such rotation alone. 



Proposition II. 

If a straight line intersect a plane which is parallel to it, or 
if a straight line intersect any plane in two separate points, it is 
wholly in the plane. 

For if a straight line intersect a plane which is parallel to 
it, a point moving from the intersection in either of the 
directions in which the straight line extends would move along 
the straight line, and also along the plane, for both extend in 
these two directions. [D 10. 

Therefore the straight line is wholly in the plane. 

And if a straight line intersect a plane in two separate 
points, both straight line and plane extend in the directions 
from one of the points to the other, and the straight line 
extends in no other directions. • 

Therefore the plane is parallel to the straight line and 
therefore, as above, it wholly contains it. 

Therefore If a straight line &c. Q. E. D. 

Proposition III. 

One plane, a/nd only one, can be conceived through-:— 
(i) any three points which are not in a straight line ; 

(ii) any straight line, and a point without it ; 
(iii) any two straight lines which intersect one another ; 

(iv) any two parallel straight lines. 
For (i) since the three points are not in a straight line. 
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The directions from one of them to the other two are 
independent directions [D 5], and therefore a plane may be 
conceived through this point extending in those independent 
directions, and it will contain the other two points. [IL 1. 

And any plane containing the three points must also extend 
from the first point in the directions of the other two, and 
therefore be one and the same plane. 

(ii) Any two points being taken in the straight line, one 
and only one plane can pass through these and the given point, 
and as the straight line intersects this plane in two separate 
points it is wholly in it. [II. 2. 

(iii) Besides their point of intersection a point may be 
selected in each of the intersecting straight lines, and one and 
only one plane conceived through these three points (see above) 
which will contain both the straight lines. [II. 2. 

(iv) Any point being selected in one of the parallel straight 
lines, one and only one plane may be conceived through this 
point and the other straight line (see above), and since this 
plane is parallel to the first straight line, and the straight line 
intersects it, it is wholly in it. [II. 2. 

Therefore One plane, and only one &c. Q. E. D. 



Proposition IV. 

Two unterminated straight lines in a plane either intersect or 
are parallel. 

For if AB, CD be any two unterminated straight lines in a 
plane, which are not parallel. 




Conceive a straight line [A 2] joining any point A in one 
and any point G in the other. 

Then the plane extends from A only in the independent 
directions AB, CD, and in directions dependent upon them. 

[D18. 
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Therefore since it extends in the direction AG^ this direction 
is dependent upon the directions AB, CD, 

Therefore since it is possible to conceive a point to move 
from A to G along J. (7 it is possible to conceive it to do sa 
along straight lines in the directions ABy GD. [D 5. 

Therefore the straight lines AB and GD, which are in those 
directions, must intersect each other. 

Therefore Two imterminated &c. Q. E. D. 



Proposition V. 

Any straight line, to which a plane is not parallel, intersects 
that plane in a single point 

For if AB be any straight line, and GDE a plane which is 
not parallel to it, 

Conceive a straight line joining any point A in AB to any 
point G in GDE. 

Then since the plane is not parallel to AB, the direction 




AB is independent of the directions GD, GE in which the plane 
extends. 

Therefore the direction -40 is not independent of the three 
independent directions AB, GD, GE. [A 3. 

Therefore, since it is possible to conceive a point to move 
from A to G along AG, it is possible to conceive it to do so 
along straight lines in the directions AB, GD, GE, [D 5. 

The first of these motions is along the straight line AB, and 
the others along straight lines in the plane GDE, 

Therefore AB and GDE intersect. 

And since the plane GDE is not parallel to AB, AB is not 
wholly in it. [D 18. 

Therefore it cannot intersect it in more than one point. [II. 2. 

Therefore Any straight line &c. Q. E. D. 
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Proposition VI. 

Two 'parallel planes cannot intersect one another, 

And any two planes which a/re not parallel intersect in a 
straight line. 

For if two planes which are parallel had a common point, 
each would extend from that point in all the same directions, 
and they would therefore be one and the same plane, [D 10. 

But if they are not parallel, let -4 be a point in one of them, 
ABG, which is not in the other, DEF. 

Then the plane DBF cannot extend in both the independent 




directions AB, AG, for it is not parallel to the plane ABG. 

[D 10. 

Let it therefore not extend in the direction AB, 

Therefore a straight line AB will intersect it in a single 
point P. [II. 6. 

And if the plane DEF extends in the direction -4(7, a 
straight line through P in this direction is wholly in both 
planea [IT. 2. 

But if not, a straight line A G also intersects the plane GDE 
in a single point Q [II. 5], which is not the same as P, since A 
is the only point common to AB and AG [I. l],and A is not in 
the plane GDE, 

Therefore a straight line PQ intersects both planes in two 
separate points, and is therefore in both of them. [II. 2. 

And no point outside this straight line can be in both 
planes, or they would be one and the same plane. [II. 3. 

Therefore Two parallel planes &c. Q. e. d. 

Corollary. Two planes carmot enclose a space. 
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Proposition VII. 

If a plane intersect two parallel planes it does so in two 
parallel straight lines. 

For if it intersects them at all, it does so in two straight 
lines. pi. 6. 

And these straight lines being in one plane must either 
intersect or be parallel. [11. 4. 

But they cannot intersect, since they are in parallel planes, 
which do not intersect. [IL 6. 

Therefore they are parallel. 

Therefore If a plane &c. Q. E. D. 



Proposition VIII. 



If a direction be perpendicular to each of two intersecting 
straight lines, it is perpendicular to a plane determined by them. 

For if a direction be perpendicular to each of two straight 
lines AO, BO which intersect in 0, 

Through conceive a straight line COC in this direction 
and let G, G\ be any two points in it equidistant from 0. 

And if OP be any other direction in which the plane extends 
which is determined by 0-4, OB, 

Through P a straight line may be conceived in the plane 




which is not parallel to OP, OA, or OB [II. 1 c. (i)], and which 
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therefore does not pass through 0, but which does intersect OJ., 
and 05, in two separate points A and B. [II. 4. 

Join the points (7, G* to the points -4, 5, and P. 

Then since the direction OG is perpendicular to J.0, the 
direction :40 is also perpendicular to GOG', 

Therefore A is equidistant from the points (7, (7, which are 
equidistant from 0, the foot of the perpendicular. [I. 20. 

Similarly it may be shown that B is equidistant from 0, G\ 

Therefore in the triangles AGB\ AG'B the sides AG, GBaxe 
respectively equal to the sides AG', G'B and the side -45 is 
common. 

Therefore the triangles are congruent. [I. 14. 

But if the triangle AGB were placed so as to coincide with 
AG'B, pa wou]d coincide withPG'. 

Therefore pa is equal to PO'. 

And in the triangles PGO, PGV the sides GO, GV are also 
equal, and the side PO is common. 

Therefore the triangles are congruent [I. 14] and the angle 
POG is equal to the angle POG\ and therefore each of them is 
a right angle. [I. 6. c. (i). 

Therefore the inclination of OG to OP is the same as to OA 
or OB. [I. 6. c. (ii). 

Thus the direction OG is equally inclined to every direction 
in which the plane determined by OA, OB extends. 

Therefore the direction GO ia perpendicular to the plane. 

[Dll. 

Therefore If a direction &c. Q. E. D. 



Proposition IX. 

In a plane, through any given point in it, one and only one 
straight line can be conceived in a direction perpendicular to 
a given straight line in the plane. 

If the given point is without the given straight line the 
proposition has already been proved [1. 19]; for the perpendicular 
from the point to the straight line is in the plane containing 
them. 

But if not, a straight line through the given point may be con- 
ceived to revolve in the given plane, starting from the (Erections 
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of the given straight line, and describing an angle. And before 
completing a straight angle it will have passed through every 
point in the plane, and therefore have extended in every direction 
in which it extends. [II. 1. c. (i). 

And during this revolution, when it has twisted through 
a right angle, its directions will be equally inclined to the 
opposite directions of the given straight line [I. 6. c. (ii)] ; that 
is, they will be perpendicular to it once [D 11], and once only, 
during the revolution. 

Therefore In a plane &c. Q. E. D. 



Proposition X. 

Through any given point one, and only one straight line may 
be con/>eive,d in a direction perpendicular to a given plane. 

For if be the given point and OA a straight line through 
in any direction in which the given plane extends. 

Through conceive a plane [II. 1] OAB parallel to the 
given plane, and in it conceive the straight line OB in a 
direction perpendicular to OA. [II. 9. 



Conceive any point (7 in a direction from independent 
of the directions OA, OB. [A 3. 

Through OC, OB conceive a plane, and in this plane con- 
ceive the straight line OD perpendicular to OB. [II. 3. 

Then since the planes OB A, OBC, are not parallel, they 
intersect only in the straight line OB. [II. 6. 

Therefore the straight lines OD, OA are in independent 
directions. 

Through OA, OD therefore conceive a plane [II. 3], and in 
this plane conceive the straight line OE, in a direction perpen- 
dicular to OA. [n. 9. 
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Then since the direction OB is perpendicular to the straight 
lines OA and OD, it is perpendicular to the plane AODy and 
therefore to the straight line OE in this plane. [II. 8. 

Therefore OE is perpendicular to OB, and it is so also to 
OA, and therefore to the plane AOB, and to the given plane to 
which AOB is parallel. [II. 8. 

And if any other straight line OF through could be in a 
direction perpendicular to the given plane, or to AOB, 

A plane could be conceived through OJ^and OF [II. 3], 
which would not be parallel to the plane AOB, and would 
therefore intersect it in a straight line [II. 6], to which the 
directions OEy OP would be perpendicular. [II. 8. 

But the straight lines OE, OF are in one plane with this 
intersection, and therefore cannot both be in directions perpen- 
dicular to it. [II. 9. 

Therefore Through a given point &c. Q. E. D, 



Proposition XI. 

Through any given point one, and only one plane may be con- 
ceived to which a given direction is perpendicular. 

For if be the given point and OA a straight line through 
in the given direction, 

Through conceive two more straight lines, [A 2], such 




that the directions OA, OB, OC are independent. [A 3. 

Through OA, OB, and OA, OG conceive two planes [II. 1], 

and in them conceive the straight lines OD, OE in directions 

perpendicular to OA. [II. 9. 
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Since the planes AOB^ AOO are not parallel, they only 
intersect in the straight line OA. [II. 6. 

Therefore the directions 0I)\ OE are independent. Conceive 
a plane through OD, OE. [II. 3. 

Then OA is perpendicular to both OD and OE, and there- 
fore to the plane DOE. [II. 8. 

And if it were perpendicular to any other plane through 0, 
and F were any point in this plane and not in DOE, 

Conceive a plane through OA, OF [II. 3]. Then this plane 
would not be parallel to the plane DOE, and therefore it would 
intersect it in a straight line 00. [11. 6. 

And OA would be perpendicular to OF and 00. 

But OF and 00 are in the same plane as OA, and therefore 
could not both be perpendicular to -it. [II. 9. 

Therefore Through any given point &c. Q; E. D. 



Proposition XII. 

The shortest path to a plane from a point without it is a 
straight line in a direction perpendicular to the plane. 

And of all other straight lines to it from the given point, 
those which meet it at equal distances from the foot of the per- 
petidicular are equal, and those which meet it nearer the foot of 
the perpendicular are shorter than those which meet it farther off. 

For if be any point outside a plane ABG, 

Conceive a straight line OP [II. 11] in a direction perpen- 
dicular to ABC. Then since ABG is not parallel to OP it 
must intersect it in -a single point P. [II. 5. 

If OA be any other straight line to A in the plane, from 0, 




then AP is in the plane [II. 2], and therefore OP is perpen- 
dicular to PA. [D 11. 
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TherefOTe OP is less than OA. [I. 20. 

Thus OP is the shortest straight line, and a fortiori the 
shortest path from to the plane. 

And if B be any .other point in the plane, at the same 
distance from P as -4 is. 

Then the sides J.P, PO of the triangle APO are equal to 
the sides BP, PO of the triangle BPO respectively, and the 
angle APO is equal to the angle BPO^ since OP is perpen- 
dicular to the plane APB. 

Therefore the triangles are congruent, and OA is equal to 

OB. [I. 10. 

And if G be any point in the plane nearer to P than A, 

Some point D in AP is at the same distance from P as (7 is, 
and is therefore nearer than A is. 

Therefore the straight line OD is equal to OC (see above), 
and less than OA. [I. 20. 

Therefore also OG is less than OA. 

Therefore The shortest path &c. Q. E. D. 



Proposition XIII. 



The perpendicular distance of any point in a straight line 
or plane from a plane which is parallel to it, is constant. 

For if -4, jB be any two points. in a straight line or plane to 
which a plane GDE is parallel. 




Conceive a straight line -40 in a direction perpendicular to 
the plane GDE. [II. 11. 



78 



PART IL 



Then as ODE is not parallel to AC, it will intersect it in a 
single point G. [II. 5. 

Through G conceive a straight line GD equal and parallel 
to AB. [A 2. 

Then since the plane GDE is parallel to AB, D will be in 
this plane. 

Join BD. Then BD is also equal and parallel to AG, 

[X. 21. 

Therefore it is the perpendicular from B to the plane GDE, 

_ [11.10. 

And it is equal to AG, the perpendicular from A, 

Therefore The perpendicular distance &c. Q. e. d. 

Proposition XIV. 

An unterminated plane may be conceived to revolve roimd any 
fixed straight line in it, describing an angle; and before com- 
pleting a straight angle it mil have passed owce and only once 
through every point in space. 

For if -4jB be any fixed straight line in a plane and any 
point in it, 

Conceive a plane GOD through 0, to which -45 is perpen- 
dicular. [II. 11. 

Then a straight line XOF through may be conceived to 
revolve in this plane, describing an angle. [II. 1 c. 

And in every position of it a plane may be conceived 
through it and AB, [II. 3. 

And since as XOY revolves in the plane GOD, XOY is 



^>>^ 




always in a direction perpendicular to AB, the intersection of 
any two situations of the plane. 

Therefore the plane XOA in revolving describes an angle. 
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[D 26], namely the same as that described by XOT in the 
plane COD. 

And if P be any point in space, 

Through P conceive a plane PO^Q parallel to the plane 
COD. [n. 1. 

As this is not parallel to AB, it will intersect it in a single 
point 0'. [II. 5. 

And the plane XOA will intersect the parallel planes CODy 
PO'Q in parallel straight lines ZOF,Z'0'F. [II. 7. 

Hence as the plane XOA revolves describing an angle, 
X'O'Y' will revolve in the plane PO'Q, describing the same 
angle. 

But as X OY revolves, before completing a straight angle 
it will pass once and only once through every, point in the 
plane, and therefore through P. [II. 1 c. (i). 

Hence as the plane XOA revolves, before completing a 
straight angle it will pass once through P. 

And it cannot pass through P except when XOY' does, for 
if it did, it would coincide with the plane P(7Q [II. 3] which it 
does not, since it contains AB^ which is not wholly in that 
plane, but perpendicular to it. 

Therefore An unterminated plane &c. Q. E. D. 

Corollaries, (i) Hence also any nwmher of pla/nes through 
a fixed straight line' may be conceived to revolve similarly, ajid if 
they revolve at the same rate their situations relative to one 
another will remain unaltered. 

(ii) And consequently amy geom/etrical solid may be conceived 
to revolve in space rov/nd amy fijxed straight line in space, and 
may therefore be moved from any one part of space to any other, 
without alteration of shape or size, so far a^ this can be accom- 
plished by translation and such rotation alone. 

(iii) Hence any plane figure may be conceived to be moved 
into any given pla/ne, so that any point in it shall fall upon a 
given point in that plane, any straight line through that point, on 
a given straight line through the given point, and any other point 
in it on either side of the given straight line in the given plane. 
For any point in the figure may be moved to the given point 
by a translation, that is, without altering the direction from 
any one point to any other in the figure. And then the plane 
of the figure and the given plane will intersect in a straight line, 
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[II. 6], by a rotation round which the plane figure may be brought 
into the given plane. The figure may now be rotated in the 
given plane [II. 1 c. (iii)] round the given point till any straight 
line through it coincides with the given straight line. And 
lastly, if any other point in the figure is on the wrong side of 
the given straight line, it may be brought on to the right side 
by revolving the plane figure through a straight angle round 
the given straight line. 

This corollary shows that none of the movements of figures 
we have conceived in the past propositions have been incon- 
sistent with axioms II. and III. 

Proposition XV. 

It is impossible to pass from one side of an unterminated 
surfax^e in space to the other, without parsing through the surface. 

For if 0, P, be any two points on opposite sides of an 
unterminated surface in space. 

Then a straight line OP intersects the surface an odd 
number of times between and P. [D 29. 

The proposition will be proved by showing that however P 
may move in space, if it does not pass through the surface, the 
number of intersections between and P will always remain 
odd, and can therefore never vanish. 

For in whatever direction P may move, unless in the 
direction of or the opposite direction, OP will commence to 
generate a plane. [II. 1. 

Therefore however P moves, except in the direction of or 
the opposite, OP will describe a spread which firom every point 
in it extends in the same directions as a plane, that is, a surface. 

And if P only moves in the direction of and the opposite, 
the number of intersections between and P will remain 
unaltered, unless P passes through one of them, that is, through 
the given surface. 

Therefore as P moves OP will generate a surface bounded 
by the path of P, the point 0, and two situations of the straight 
line OR 

And from any of the intersections of OP with the given 
surface, this surface and that described by OP extend in all the 
directions in which two planes would ; 
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Their intersection therefore extends in all the directions in 
which the intersection of two planes would ; 

That is, in two opposite directions. [II. 6. 

Therefore the intersection of the two surfaces consists of one 
or more lines which are not terminated, unless by the boundaries 
of the surface generated by OF. 

Hence if -4 be one of the intersections between and P, as 
OF revolves A will describe a continuous line on the surface 
generated by OF, and the intersection A can only vanish if at 
some point B this line bends back as OF moves forward, 

And in this case, before reaching B, OF must have inter- 




sected the continuous line traced by -4 in a second point A\ 
which therefore vanishes together with A as OF passes the 
point JB. 

And the line described by A cannot be terminated in the 
path described by P, unless P passes through the given surface, 
nor can it be terminated at 0, since is not in the given 
surface. 

Thus as OF revolves the intersections can only appear or 
disappear two at a time. 

Therefore It is impossible &c. Q. e. d. 

Corollary. In the same way it may he shown that in a plane 
it is impossible to pass from one side to the other of an untermi- 
noted line without passing through the line. 

Note. In this proposition contacts of the second order must be 
counted double intersections, of the third order triple, &c. Also if the 
given surface intersects or touches itself it must be counted double at such 

D. 6 
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points, &c. It is not necessary to discuss these special cases here, but 
they might perhaps be a reason for omitting this proposition from an 
elementary text-book. 



Proposition XVI. 

If two tetrahedra have their six corresponding sides respec- 
tively, equal, they shall be equal in every respect, that is to say, 
the angles between the directions of corresponding sides shall be 
equal, and the angles between corresponding plane faces shall 
also be equal. 

And if their comers are similarly situated with re'Spect to 
each other in space, they shall be congruent to each other. 

For since the corresponding sides of the tetrahedra are 
respectively equal, they consist of four pairs of corresponding 
triangles, whose three sides are respectively equal. 

Therefore these corresponding triangles are congruent to 
each other. [1. 14. 

Therefore also the angles between the directions of corre- 
sponding sides which meet at a corner are equal, for they are 
angles of corresponding triangles. 

Conceive one of the tetrahedra to be moved and placed so 
that one of its triangles coincides with the corresponding 
triangle of the other, which is congruent with it. [A. 1. 




Let ABG hQ this triangle, and D, -Ethe remaining comers 
of the two tetrahedra. 

Now since the triangles ADB, AEB are congruent (see 
above), 

If they were applied to each other so as to coincide, one 
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perpendicular [I. 19] could be conceived from their common 
comer D, or E, to the side AB^ meeting it in one point P. 

Therefore even though D, E do not coincide, the perpen- 
diculars from them ovl AB meet it in the same point P. 

Similarly, conceive perpendiculars from D and E on AG 
meeting it in one point Q. 

And in the plane ABC conceive straight lines through P 
and Q in directions perpendicular to AB, AC respectively. 

[II. 9. 

These straight lines are not parallel, for if they were, in the 
plane ABC two straight lines AB, AC through A would be in 
directions perpendicular to the same straight line, which is 
impossible. 

Therefore they intersect in some point 0. [II. 5. 

Join DO, EO, 

Then as the direction AB is perpendicular to both PD and 
PO it is perpendicular to a plane containing them [II. 8], and 
therefore to DO in this plane. 

Similarly the direction AC is perpendicular to DO, 

Therefore the direction DO is perpendicular to both AB and 
AC, and therefore to the plane ABC [II. 8. 

Similarly EO is perpendicular to the plane ABC 

But only one straight line may be conceived through a given 
point, in a direction perpendicular to a given plane. [II. 10. 

Therefore DOE is one straight line. 

And since the triangles DAB, EAB are congruent, 

(see above) 

The perpendiculars DP and EP are equal. 

And the side PO is common to the two triangles DPO, 
EPO. 

Also the angles DOP, EOP opposite the equal sides DP, 



EP are equal, and moreover they are right angles. 

Therefore the triangles are congruent [I. 15. c (ii)], and 
therefore the angles DPO, EPO are equal. 

But these angles are the angles between the planes DBA, 
EBA, since PD, PO, PE are perpendicular to AB. [D 26. 

So it may be shown that the angles between any two 
corresponding planes are equal. 

Through A conceive a straight line AR parallel to BC, to 
any point R, Join DR, ER, OR, 

6—2 
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Then since DOE is perpendicular to the plane ABC (see 
above), and OR is in this plane, it is perpendicular to OJK. 

Therefore RO is the perpendicular from R on DOE, 

But it was shown above that the triangles DFO, EPO are 
congruent. Hence D and E are equidistant from 0. 

Therefore RD is equal to RE. [I. 20. 

And also AD is equal to AE, and AR \b common to the 
triangles DAR, EAR, 

Hence the triangles are congruent [I. 14], and therefore the 
angle DAR is equal to the angle EAR, 

Therefore the angles between the directions of corresponding 
sides of the tetrahedra which do not meet at a comer, as the 
sides BC, AD and 5(7, AE, are also equal. 

And since it has been shown above that DO is equal to 



EO, and is in the same straight line with it. 

If the comers of the tetrahedra are similarly situated with 
respect to each other, D and E will be on the same side of 0, 
and will therefore be one and the same point. 

Therefore the tetrahedra are congruent. 

Therefore If two tetrahedra &c. q. e. d. 

Corollaries, (i) Hence if two tetrahedra have three sides 
meeting at one comer of the one respectively equal to the corre- 
sponding three of the other , and have the three corresponding 
angles between their directions respectively equal, they shall be 
equal in every respect. For the third sides of each of the three 
triangles meeting at the corner, will be respectively equal 
also. [I. 10. 

(ii) Or if they have the six angles of each, between the 
corresponding sides which meet at two corners, respectively equal, 
and the sides between those comers eqvul, they shall be equal in 
every respect For the other four sides meeting at those two 
comers are respectively equal [I. 11], and therefore the tetra- 
hedra are equal in every respect. [c. (i) above. 

(iii) Hence a direction may be determined with reference to 
two given independent directions by giving its respective inclina- 
tions to them, if it is also known which side it is of a plane 
determined by those given directions. 
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Proposition XVII. 

The four diagonals of a parallelepiped, that is, the four 
straight lines joining its opposite corners, intersect in a single 
point, which bisects each of them. 

For a parallelepiped consists of the intersections of three 
pairs of parallel planes. [D 28. 

And each pair intersects each of the other planes in a pair 
of parallel straight lines. [II. 7. 

Hence the parallelepiped consists of twelve straight lines, 
four of which extend in each of three independent directions, 

Or of twelve straight lines joining eight points, two and two, 
three meeting at each point and extending from it in three 
independent directions. 

Hence if AB, CD, EF, OH be four parallel sides of a 




parallelepiped, AE, BF, GO, DH a second four, and AO, BD, 
EO, FH the remainder, 

ABDG is a parallelogram. [D 13. 

Therefore AB is equal to CD. [I. 23. 

Similarly CD is equal to OH. 

Therefore AB, OH are two equal and parallel straight lines. 

Therefore AH and BO bisect one another, in say. [I. 21. 

Similarly AG, FH are equal and parallel straight lines. 

Therefore AH and CF bisect one another, and they there- 
fore do so in also. 

Similarly ED passes through and is bisected by it. 

Therefore The four diagonals &c. Q. E. D. 
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Table of Theorems with their equivalents in Euclid. 



Proposition 


Eaclid'fl equivalent 


Proposition 


Eaolid's 
equivalent 


LI 


I. D 36 and A 10 


1.21 


L33 


2 


none 


22 


none 


3 


none 


23 


L34 


4 


none 


ILl 


none 


5 


none 


2 


LD7 


6 


L 14 and c. A 11 


3 


XL 2 (?) 


7 


L 15 


4 


LD35 


8 


I. 32 and c. 1. 16, 17 


5 


none 


9 


1. 29 and c. I. 27, 28 


6 


XL D 8, P. 3 


10 


I. 4 and c. 1. 5 


7  


XL 16 


11 


I. 26 and c. 1. 6 


8 


XL 4 


12 


L 18, 19 


9 


L 11 


13 


I. 24, 25 


10 


XL 6, 11, 12 


14 


L8 


11 


XL 5 


15 


(analogous to VI, 7) 


12 


none 


16 


I. 20 


13 


none 


17 


XL 20 


14 


none 


18 


XL 21 


15 


none 


19 


L19 


16 


none 


20 


none 


17 


none 



Proofs are given of all Euclid's theorems (and such of his 
problems as are of theoretical importance,) in his first and 
eleventh books, with the exception of those in his first book 
which deal with plane areas, and of one in his eleventh book 
which treats of proportion, and of one other theorem ; this one 
is his I. 21, a theorem of no importance. It may however be 
easily deduced, after my I. 16, if an equivalent condition is 
substituted for the implied one that the point 'inside the 
triangle ' is in the same plane as the triangle, or as it stands 
after my II. 3. 



PAET in. 

ON THE APPLICABILITY OF THE FOREGOING 
SUBJECTIVE GEOMETRY TO THE GEOMETRY 

OP MATERIAL SPACE. 

CHAPTEE I. 

Having thus established the foundations of subjective 
geometry of three independent directions, we may now confront 
the question: Is there a corresponding objective geometry; 
and if so, does it follow the same laws ? 

The question whether there is or is not an objective world 
at all, is a metaphysical one of the abstrusest character, and 
involves the discussion of the logical basis of the inductive 
method in its most abstract form. We need hardly, however, 
attack this question directly here, as no practical man will 
doubt that the outer world has a real objective existence. But 
it may be useful to consider briefly how we attained to our 
knowledge of its objectivity. 

I think it will be generally agreed that the lower forms 
of animal, and possibly the higher forms of vegetable life, 
though they can hardly have formed the conception of 
an objective external world, do feel certain subjective im- 
pressions of pleasure and pain, of heat and cold, and so on. 
At what point in the scale of existence automatic and reflex 
actions are divided from voluntary ones, and whether even 
voluntary actions necessarily imply a consciousness of objective 
existence, is open to dispute. But those, at any rate, who 
believe in Evolution can scarcely doubt that, after a certain 
period of development with only a subjective consciousness, 
after an epoch of many generations of life with experiences 
only recognised as subjective, the perception that these were 
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due to an objective environment must have sprung into being. 
And as such a perception must have been of great advantage 
to the percipient, it would only require natural selection to 
confirm and extend it. Thus we might have, and probably 
have, an instinctive consciousness of the objectivity of our 
environment, without this consciousness constituting a direct 
apprehension of an objective fact ; and this consciousness there- 
fore does not add anything to our reasons for believing that 
our environment is objective. Such a consciousness might 
indeed seem to Kant to constitute an ' apodictic ' truth, but it 
does not constitute a necessary one. 

Granted then that there is an objective universe, is its 
geometry identical with the subjective geometry we have been 
considering ? The question we have to answer is merely this : 
Are the axioms of that subjective geometry true in the material 
universe ? 

The first axiom, that any geometrical figure may be con- 
ceived to be moved fi:om any one part of space to any other, 
except in so far as it is restricted by the other axioms, without 
its shape or size being altered, is subjectively a truism; but 
considered objectively it raises several difiicult points. We 
may indeed . take it to be sufiiciently established by induction 
that a material body may be moved to any part of space ; and 
further we have doubtless sufficient ground for believing that 
any forces required to produce such motions are accounted for 
otherwise than by any change of size or shape which the body 
is required to undergo by the nature of space, on being moved. 
But we have no a priori reason for assuming that such a change 
of size or shape would require force to produce it, and to discuss 
whether it is produced or not we are thrown back upon first 
principles. 

Size and shape depend on distances and inclinations respec- 
tively, which in our subjective geometry were measured by 
amounts of transference and twisting. In virtue of the first 
axiom we were enabled to substitute direct comparison by the 
method of superposition for these methods of measurement. 
But if the axiom is. not objectively true, presumably the size 
and shape of the figure applied would alter, on being moved, 
in the same way as that to which it was applied, and so the 
method of superposition would not prove that two congruent 
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figures were of the same size or shape when in dififerent parts 
of space. If we attempt to define ' amount of transference' or 
of ' twisting' strictly we can only do so by the aid of Newton's 
first law of motion, which would introduce the conception of 
time. For just as I have already shown that the words * in a 
straight line ' in his law can only be construed as meaning what 
I mean by the phrase * in a constant direction,' so the words 
'uniform motion' mean nothing but 'motion with a constant 
amount of transference in any given portion of time.' And the 
only measure we have of time is the motion of a body not 
acted on by any forces (the rotation of the earth is the ordinary 
standard, and very closely approximates to an ideal one). 
Thus we should seem to be defining in a vicious circle; and 
though this is not quite the case, for the law of motion implies 
a consistency between the measures of distance or inclination, 
and time, deduced fi'om it, yet the criterion it afifords is difficult 
to apply as a practical test. However, since from this law of 
motion the most remote results have been deduced, and have 
been found to correspond with objective facts, its truth, at 
least in so far as it asserts that a body not acted on by any 
effective forces moves a constant distance in a constant time, 
may fairly be assumed. And so the first axiom of subjective 
geometry may be translated into the first objective fact of the 
geometry of material space. 

It will be convenient to consider the third axiom next, and 
to discuss whether material space is a spread of three inde- 
pendent directions, that is, whether it does extend from every 
position in it in a complete group of three independent direc- 
tions. That it does do so is established by a pure induction. 
The objectivity of my arm being granted, I know I could 
' extend it in three independent directions, and in any direction 
dependent upon them, from my present position in space, or 
from any position I have ever occupied (where I was not 
obstructed by material objects). And by induction I infer that 
the rest of space is like those parts of it with which I am 
acquainted. Other instances and facts might be adduced 
proving the same thing ; but the logical proof must be of the 
same nature, namely, a generalisation from a limited number 
of known instances, to an unlimited number of unknown 
ones, and though of course it is amply good enough for 
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all practical purposes, it establishes only an objective fact, 
not a necessary truth. It applies with equal force to prove 
that material space extends from no position in it in less than 
three independent directions, or from no position in more. 
Thus we have established the second objective fact on which 
to base the geometry of material spaca 

I have already pointed out in Part I that the remaining 
axiom may be paraphrased into a form of which the objective 
counterpart would be: Material space extends from every 
position in it in ths same directions. Now we have already 
granted that from every position in it it extends in three 
independent directions, and in all directions dependent upon 
them. Therefore if from any position B in it it extended in 
any direction in which it does not extend from a position A, 
this direction could not be dependent upon the three indepen- 
dent directions in which material space extends from A, And 
we should therefore have four independent directions to deal 
with. 

Now I am aware that there exists, not only among the 
ordinary public, but even more among geometricians, a rooted 
prejudice against what they would call 'Geometry of Four 
Dimensions,' but which I prefer to call geometry of four inde- 
pendent directions. If therefore any of my readers is of opinion 
that ' A Fourth Dimension * or a Fourth independent direction 
is a priori inconceivable, and an impossibility ; — then I have 
no more to say. He has ipso facto granted the objective truth 
of my remaining axiom, and consequently admitted that my 
subjective geometry may also be applied objectively to the 
geometry of material space — which is all I desire to prove. 
The remainder of this book is not for him: if he reads it, 
and thinks it transcendental folly, let him at least not presume 
to criticise what, by his own confession, he does not understand. 



CHAPTER 11. 

I HAVE already had occasion to point out that, if we are 
careful to reason with formal accuracy, it is not essential that 
we should be able to picture to ourselves clearly every link in 
the deductive chain, and that intelligible results may be truly 
deduced by the aid of symbols whose denotation is unintelli- 
gible to us. It is therefore no argument against the theory of 
geometry of four independent directions which I am about 
to advance, to say that a fourth independent direction is 
inconceivable. Personally, I believe it to be by no means 
inconceivable, and I shall subsequently give my reasons for 
this belief. But lest the reader should imagine that the 
validity of my investigation into the foundations of the science 
of geometry in any way depends upon this conceivability, I put 
the investigation, or the essential part of it, first, and the ex- 
planation afterwards. 

If such an investigation has never been made before, it is 
simply because the foundations of geometry, especially those of 
what is generally spoken of as 'geometry of three dimensions' 
have never before been laid down with formal accuracy. We 
have already seen that even in his first book Euclid assumes 
several things which are not stated in his postulates or axioms. 
But in his eleventh book he seems to abandon all attempts at 
laying down his premises with formal accuracy, and simply 
appeals to the supposed intuitive knowledge of his reader. 
The first three propositions of his eleventh book are most 
extraordinary examples of such slipshod reasoning, and what is 
more extraordinary still, is that scarcely any effort has been 
made by more modem geometricians to improve them ! The 
existence, even, of the first proposition is only due to a strange 
confusion of ideas. Up to this Euclid has been drawing straight 
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lines freely without ever considering whether they might or 
might not have loose ends hanging out of the plane in which 
he tacitly assumes all his former figures to have been drawn. 
It is only now dawning on him that the existence of this plane, 
which is really nothing but the pedagogue s black-board, is a 
matter which he ought not so airily to have taken for granted. 
Again, the second proposition contains simply no formal reason- 
ing whatever, but is merely an appeal to the experience or 
intuitive knowledge of the reader. Take the second paragraph^ 
verbatim, thus — " Let any plane pass through the straight line 

EB " Where is the postulate by which it is allowed to 

conceive, or draw, any plane through a given straight line ? 

" and let the plane be turned round EB " How do we 

know that a plane can be turned round a fixed straight line ? 

" produced if necessary " (i.e. the plane, not the straight 

line). But there is no postulate about producing planes " 

imtil it pass through the point G!' Now in this last respect 
alone, as far as I know, has it occurred to any one materially to 
improve this proposition. In a recent work* an ' axiom * is 
specially interpolated to cover this difficulty. The ' axiom ' in 
question I prove in a theorem (II. 14), namely, that before a 
plane revolves through a straight angle round a fixed straight 
line in it, it will pass through every point in space. Again, in 
the next proposition, what right has Euclid to assume, as he 
does, that if two planes cut one another their common section 
must be a line, at all ? Why should it not be a single point ? in 
which case his proof would break down. It is the adroit manner 
in which Euclid begs this question which saves him from having 
to lay down anything corresponding to my third axiom. 

The geometry of three dimensions, as usually put forward, 
is not then a formal deductive science, though apparently it 
satisfies the wants of most men. But what I maintain about 
my geometry of three independent directions is that it is 
strictly formal, — the truth of every proposition in it depends 
solely on the truth of the stated premises. And if one of those 
premises were altered we could see at once which of the propo- 
sitions would have to be altered, and we should probably be 
able to determine the alteration required. If the third axiom 

^ Todhunter's Euclid, Macmillan, 1875. 
* Geometry in Space, by Mr B. C. J. Nixon. 
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is to be altered, it is at once evident that no change is produced 
in the first book, as the axiom was not even stated till the 
beginning of the second. And it is easy to trace which of the 
propositions in the second book depend upon it. 

They are namely these : — V., that part of VI. which asserts that any 
two planes which are not parallel intersect in a straight line, VII., for 
without the axiom the intersections might only be single points, X. and 
XI., when they assert that oivty one plane or straight line may be conceived, 
XIV., when it asserts that the revolving plane passes through every point 
in space, XV. ; and from XVI. we may remove the restriction that the 
comers of the tetrahedra must be similarly situated in space, in order 
that they may be congruent. 

Now let us substitute for the third axiom the following 
postulate, — 

Let it be granted that the positions of points may vary 
in four, but not in more than four independent directions. 

And let us see what happens to the above seven proposi- 
tions. Thus it appears that we are no longer able to assert in 
proposition V. that the direction AC cannot be independent of 
the three independent directions AB, CD, GE, But if AB 
intersects the plane CDE, it will be so dependent. Therefore 
AB does not necessarily intersect the plane. It may pass from 
one side to the other without intersecting it at all. That is 
to say, the positions of points which appear to us the same, 
even though picturing to ourselves a three dimension model, 
instead of a diagram on paper, may in reality be diflferent ; just 
as when looking at an ordinary diagram representing a three 
dimension figure, positions appear the same in it which may 
yet be different in reality. Thus within the bounding surface 
of a solid of three dimensions we must allow for an infinite 
number of positions which do not form part of that solid, but 
lie away from it in a fourth independent direction. Therefore 
the whole of the ' three dimension space ' we are in the habit of 
considering is only an infinitesimal portion of the space of four 
independent directions assumed by the postulate, just as a plane 
is only an infinitesimal portion of a space of three independent 
directions. 

Let us therefore invent a special name for such limited 
portions of the new space, and lay down the following new 
definition. 
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A spread of three independent directions is called a f(yrm, a 
regular spread of three independent directions a regular form. 

The spread of four independent directions, the new space, is 
by the second axiom a regular spread, for this axiom is, of 
course, still to hold good. 

Thus the space we have hitherto been considering is a 
regular form, and to make the seven propositions enumerated 
above still hold true we have only to prefix the words, " In a 
regular form " to their enunciations, just as the enunciations of 
several other propositions in the same book commence Avith the 
words, " In a plane." 

It will not be necessary to give all the elementary proposi- 
tions of geometry of four independent directions in extenso as I 
have done those of three. For the logical processes by which 
they are established are in most cases obvious extensions, of 
those used in Book IL, and the reader can if necessary readily 
enough supply them himself. But in the subjoined syllabus of 
enunciations one or two of the most important proofs have been 
sketched out. 



SYLLABUS OF ENUNCIATIONS FOR BOOK III. 

[In this syllabus the letters r. f. mean regular form, p. plane, s. L 
straight line, i. d. independent direction. P. postulate]. 

I. One, and only one, r. f, can he conceived through any given 
point, extending in any three given i, d's. 

This is only another way of enimciating II. 14. 

II. (i) 1/ a p, intersect a r.f. in three points not in a s. l; or 

(ii) if a s. L intersect it in two separate points ; or 
(iii) if eithet^ a p. or a s. L to which it is parallel inter- 
sect it at all, then they shall be wholly in it 

III. One and only one r.f can be conceived through 

(i) four points not in one p., 
(ii) a p. and a point without it, 
(iii) two p*s. which intersect in a s, I,, and so on. 

IV. Any s. I. to which a r.f is not parallel intersects it in 
a single point. 
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For if ii be any point in a s. 1. ii5 to which a r. f. CDEF is not parallel, 
the four directions AB^ CD^ CE, CF are independent. Therefore the 
direction AC m not independent of them (P). That is, it is possible to 
move from -4(7 by a s. L ACyOrhj b, Ts. in directions AB^ CD^ CE^ and 




CF (D 5). The first of these motions is in the s. L AB^ the others in the 
r. f. CDEF, Therefore they intersect. And they cannot intersect in more 
than one point. [III. 2. 

V. Any p. to which a r.f.is not parallel intersects it in a 
single s, I. 

For if ^ be a point in the p. ABC not in the r. f. DEFO ; since the 
r. f. is not parallel to the p. it is not parallel to both AB^ AC, Therefore 
one of them, AB, intersects it in a single point P (III. 4). If the r. f. is 
parallel to il(7, a s. L through P parallel to AC iB in both p. and r. f. 




(III. 4). If not AC intersects the r. f. in a single point $, and the s. L 
PQ is in both p. and r. f. And they cannot intersect in any point outside 
PQ (III. 2). 

VI. Two parallel r, f's. cannot intersect; and any two 
which are not parallel intersect in a p. 

For if ABCD, EFQH be two r. f s. which are not parallel, and A be 
any point in the first which is not in the second, then EFQH is not 





parallel to all of AB^ AC^ AD, Therefore it intersects at least one of them 
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in a single point, P (III. 4). And EFOH is not parallel to either of the 
p's. ABCy ABD, Therefore it intersects each of them in a s. 1. P§, PR 
(III. 6). Therefore also the p. PQR is in both r. f s. And they cannot 
intersect in any point outside this p. (III. 2). 

Vn. Any two p'«. extending in four i, d's. intersect in a 
single point. 

For if ABCy DBF he two p's. which extend in four i. d*s., and if -4 be 
any point in the first which is not in the second, then the direction AD 
is not independent of the four i. d's. AB, AC, DE, DF (P). Therefore 
it is possible to move from -4 to Z) by a s. L AD or by s. I's. in these four 
directions (D 5). But the first two of these motions are in ABC^ and the 
other two in DEF, Therefore the planes intersect, and they cannot 
intersect in more than one point, else a r. f. might be conceived through 
them [III. 3], in which case they would not extend in four i d's. 

Corollary. If two p's. extend in only three i. d^s, they do not 
intersect at all, vmless both are in one r.f 

For if they only extend in three i. d*s. either they are both in one r. f. or 
two parallel r. Ts. may be conceived through them. And as these parallel 
r. f 's. do not intersect, neither do the p*s. they contain. 

VIII. If each of two i. d's, in one plane be at right-angles to 
each of two in another, any direction in the wie p. is perpendicular 
to the other p. 

This follows at once from the definition of perpendicular. Two such 
planes may be called perpendicular to each other. 

IX. One, and only one, p, may be conceived through a given 
point perpendicular to a given p. ; and it intersects in a single 
point 

For if 2) be the given point and ABC the given p. conceive a s. 1. DP 
to a point P in a s. 1. -4 J5 in the p. ABC^ perpendicular to AB (I. 19) ; and 
in the p. ABC conceive PC in a direction perpendicular to AB (Jl. 9), 




and conceive DQ to a point Q in PC, in a direction perpendicular to PC 
(I. 19). Then DQ is perpendicular to the p. ABC (II. 8). And if i2 be 
any point in a direction from D independent of QD, AB and AC m. the 



CHAPTER IL 97 

same way RS may be conceived to S in ABC^ in a direction perpendicular 
to it. Then since R is not in a r. f . ABCD^ SR is in a direction independent 
of QD, AB, AC. Therefore it is not parallel to QD. Therefore a p. DEF 
may be conceived through D in the directions QDy SR which is perpen- 
dicular to the p. ABC (III. 8 and 7), and which intersects it in a single 
point Q. And if any other p. through D were perpendicular to ABC^ it must 
also contain 2)§, and therefore be in one r. f. with the p. DEF (III. 5). 
But the p. ABC would intersect this r. f. in a single s. 1. which therefore 
would be perpendicular to both the p*s. through 2)§, and in one r. f. with 
them, which is impossible (II. 11). 

X. If a direction he perpendicular to each of three i. d's, in 
a r. /. it is perpendicular to the r. f 

A mere extension of my II. 8, or Euclid's XI. 4. 

XI. One, and only one^ s, I. may be conceived through a given 
point in a direction perpendicular to a given r,f And conversely 
one and only one r.f may he conceived through a given point to 
which a given direction is perpendicular. 

XII. The perpendicular s, I. is the shortest path from a 
given point to a given r,f And, of all other s, r5....and so on. 

XIII. An unterminated r. f may he conceived to revolve 
about any fixed p, in it describing an angle. And hefore it has 
completed a straight angle, it mil have passed once, and only 
once, through every position in the new space of four i. d's. we are 
considering. 

For if ABC be the fixed p. and any point in it, through one, and only 
one, p. DEF can be conceived perpendicular to ABC (III. 9) and a s. 1. 
XOY in this p. may revolve describing an angle, and a r. f. may always be 
conceived through this and ABC (111. 3), which will revolve with it, describing 
the same angle. And a p. may be conceived through any point P in the 
new space, parallel to the p. in which XOY revolves (III. 9), which will 
intersect the p. ABC in a single point & and the r. f. XOAB intersects 
this p. in a s. 1. parallel to XOT. And so on, as in II. 14. 

Corollaries, (i) Hence any number of r. fs. may he conceived 
to revolve similarly ahout the same p. 

(ii) And consequently any figure of four dimensions may 
he conceived to revolve ahout a fixed p. in it. 

Hence two tetrahedra which have their six sides respectively equal 
must be congruent. For their bases being made to coincide, the vertex of 
one may be revolved about its base till it coincides with the vertex of the 

D. 7 
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other. In doing so the moving vertex will however have to leave the r. f. 
containing the other tetrahedron, only returning to it ev»y time it has 
revolved through a straight angle. 

XIV. If two pentangular bodies have their ten sides re- 
spectively equal, they shaU he equal in every respect, and if their 
comers are similarly situated with respect to each other, they 
shall be congruent 

By a pentangular body I mean the figiure formed by the straight lines 

5 4 
joining five points not in a r. f. two and two. Thus there are Y~h, that is 

1. . ^ 

10 sides. The proof is precisely analogous to II. 16. 



CHAPTER III. 

In the last chapter the elements of geometry of four 
independent directions were carried as far as I had previously 
carried those of geometry of three ; and I think it must now be 
evident to the reader that they might without difficulty be 
carried further without our having any clear idea of what the 
words ' a fourth independent direction/ mean. I shall therefore 
now attempt to show how an idea can be formed of the 
meaning of those words, and if even I fail, the reader will 
recognise that my main argument is in no way damaged by the 
failure. 

Perhaps the most striking change introduced into geometry 
by conceiving variations of position in a fourth independent 
direction, is the possibility of getting past an unterminated 
surface without passing through it. To take the simplest case, 
conceive a material plane, and a material point moving towards 
it, and getting past it. What does one mean by asserting that 
at some moment the point must have intersected the surface ? 
That at that moment the position of the point must have been 
identical with some position now occupied by a point belonging 
to the plane. The plane and point being material bodies this 
would seem self-evident, but so far from being a necessary 
truth, it is only one of the experimental facts upon which we 
found our belief in the second Objective Fact of material 
geometry ; and if the plane and point are not supposed to be 
material, but merely mental concepts, the assertion no longer 
has a leg to stand on. We are undoubtedly able to conceive a 
space of three independent directions, and if we imagine points 
not to be material, we may conceive any number of them 
apparently occupying the same position in such a space, but 
their positions in reality differing in a direction in which we 
have not power to move material points. In just the same 

7—2 
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way if we were to look at a motionless view through a hole in 
a screen, it would have just the appearance of a perfect picture, 
painted on a plane surface. We should see its length and 
breadth but be unable to judge its depth. We might see two 
lines cross each other, without being able to assert positively 
that they intersected, for at their apparent point of intersection 
one might be at a greater depth than the other. To get a true 
idea of what was before us we should need to regard the view, 
or picture, from another point of view — ^under ordinary circum- 
stances indeed, we do regard every picture from two points of 
view, namely from our two eyes. So also if we actually had 
before us a figure of four dimensions, we could not find it out, 
because we could not move so as to get another view of it. 
But as the four dimension figures we have to deal with are not 
actually before us, but are merely mental concepts, we may 
conceive ourselves, mentally, to walk round them, or to twist 
them round so as to expose various views to us, each of which 
views we can mentally picture to ourselves as a model in 
three dimensions. As these models are merely geometrical 
projections, their shape can be determined by the methods of 
formal geometry we have indicated above. For we have seen 
that the material space we commonly conceive is, geometrically, 
a regular form. The differences of position in a figure of four 
dimensions, which we do not perceive in a model of only three, 
are dimensions of the figure measured in a fourth independent 
direction, which is perpendicular to this regular form. Hence 
the model is found by projecting every point in the real figure 
by a straight line perpendicular to material space. Thus the 
apparent length of any straight line in the three dimension 
model is its true length, multiplied by the cosine of the angle 
it makes with its projection in material space ; and so on, just 
as in ordinary orthogonal projection. 

I am rather shy of here introducing a device, which however 
I have found most usefiil myself, to aid me in conceiving figures 
of four dimensions. For I have found it very difficult to 
prevent people from taking the shadow for the substance, from 
thinking that what I mean to put forward merely as an illus- 
tration, is in some way intended as physical fact. But having 
warned the reader, I must run the risk, and trust to him not to 
misunderstand me. 
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Let us then picture to ourselves figures of four dimensions 
by conceiving models, or diagrams in material space (which for 
this purpose we conceive as a regular form), which diagrams 
are orthogonal projections of the true figures, and let us 
conceive the distance of every point in the figure from a 
regular form parallel to material space (but all on one side of 
the figure), to be represented in the diagram by the degree of 
blackness of the corresponding point in the diagram. The 
fourth dimension of the figure, over and above the length 
breadth and thickness of the diagram, we may call its solidity ; 
for just as its thickness is the difference in height of its top 
and bottom, so its new dimension is the differences of the new 
measurements of its opposite boundaries in the new direction, 
that is the difference between two degrees of blackness, which 
we may accurately represent by a certain degree of density 
given to each point. Care must be taken however to dis- 
tinguish between * solidity ' which is a dimension of a body, and 
the 'blackness' which we have used to represent a measurement 
from a fixed regular form — ^which is in fact a coordinate — and 
which we may call * concentration/ Thus if we consider a three 
dimension solid, such as a sphere, it is clear that corresponding 
to any vertical line through it, it has only one thickness, but 
its surface has two heights. So with a body of four dimensions 
it will, at any point in its three dimension diagram, have only 
one solidity, but its boundary will have two concentrations. 
A representation of the body by its solidity cannot therefore 
give a perfect idea of its shape, to do which a double diagram, 
of concentrations of its two boundaries, is required. But any 
such a diagram of concentrations may be regarded as a diagram 
of solidities of a body bounded by one irregular boundary, 
and by the regular form from which the concentrations are 
measured. 

Thus in a diagram of concentrations a line will be a line 
of varying blackness, unless material space is parallel to it. 
A straight line will not only necessarily appear straight in the 
diagram, but its degree of blackness will vary uniformly from 
one end to the other. Two parallel straight lines will appear 
as parallel straight lines, of shade varying at the same rate and 
in the same direction. A plane in the same way will appear as 
a plane shaded in parallel lines of shade whose blackness varies 
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uniformly in one direction. Similarly a regular form will 
appear as a cloud in space, stratified in parallel plane strata 
whose blackness varies uniformly in one direction. Hence, 
even if two lines appear to intersect, they do not really do so, 
unless at their apparent intersection they are equally shaded. 
Thus a straight line appearing to intersect a plane need not 
necessarily do so. Two planes may appear to intersect, but, 
unless there are points of equal shade in their apparent inter- 
section, they do not do so in reality. As however their shadings 
vary uniformly, they will vary uniformly along the straight line 
in material space along which they appear to intersect. Hence, 
unless the lines of shade are both parallel to this line, in which 
case there is no variation of shade along it, or unless the 
shadings in both planes vary at the same rate in the same 
direction along it, one of the shadings will somewhere along the 
apparent intersection overtake the other. And at this single 
point we shall have a true intersection. In the other cases there 
will in general be no intersection at all, for the planes are in 
parallel regular forms, but if there is one point of intersection 
there will be a whole straight line — and both planes are in one 
regular form. Again with a little effort of imagination two 
regular forms may be conceived in space at once. If their 
planes of uniform blackness are not parallel, each plane in one 
regular form will intersect all the planes of the other, in 
straight lines. Of all these however only one will be a true 
intersection, namely where the plane intersects the other plane 
of the same blackness. It may readily be seen that all those 
real intersections of each plane in one form with the corre- 
sponding plane in the other form, together constitute a properly 
shaded plane, the intersection of the two regular forms. If the 
planes of uniform blackness in the two forms are parallel, any 
one of them will not in general intersect the corresponding one 
in the other form. But unless also the shading of the two forms 
varies at the same rate in the same direction, that is unless, 
the regular forms are parallel, at some point the shading 
of one form will overtake that of the other, and here a whole 
plane of uniform blackness from each form will coincide, and 
we get a plane of intersection — to which material space 
happens to be parallel. The intersections of straight lines and 
planes with a regular form may be similarly imagined. 
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If we conceive two intersecting lines, the true angle between 
their directions would not be the same as the apparent one, 
just as in a plane diagram the angles between straight lines 
are altered. The shading would however indicate the alter- 
ation. For if we took two points of equal shading in the two 
straight lines, and joined them, material space would be 
parallel to the straight line so found, and therefore by a 
revolution round it, the pair of intersecting straight lines might 
be brought into a regular form parallel to material space, when 
the angle would appear at its true magnitude. Hence the 
perpendicular from the intersection of the two straight lines on 
the axis round which they were twisted, would increase in 
length until they were in a regular form parallel to material 
space, and therefore the angle within which this perpendicular 
fell would be diminished, and the other angle increased by the 
twisting, in a manner which may easily be understood from the 
analogous case of plane projections with which we are all 
familiar. It is to be observed that in the revolution here 
contemplated no apparent revolution would take place. The 
figure would appear to remain in the same plane, the angles 
only expanding or contracting by the straight lines sliding in 
the plane, and the parts remote from the axis becoming more, 
or less, black until they assumed the shade appropriate to the 
regular form in which the axis lay, parallel to material space. 

In the same way we may conceive the revolution of a 
tetrahedron about its base. If we suppose the base to be 
fixed in material space, the three sides ending in the vertex 
will all be shaded, growing either more or less black towards 
the vertex, if this is not in material space. If therefore it 
start from material space, say towards the black direction, it 
will grow darker and darker. Since the perpendicular from 
the vertex always reaches the base in the same point, and 
since the angles it makes with directions in the base are all 
equal, and being right angles are not foreshortened by the 
projection, the perpendicular will not appear to revolve, but 
only to become shorter, until the vertex apparently sinks into 
the plane of the base, here attaining its maximum blackness, 
namely so much blacker than the base as corresponds to a 
difference of concentration equal to the length of the perpen- 
dicular. After this the vertex will emerge at the opposite side 
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of the base again, still apparently moving in the same straight 
line, but getting less and less black, until as it returns to its 
original shade, the perpendicular regains its original length. 
By a similar succession of phases, the vertex becoming lighter 
in shade however, instead of darker, the revolution may be 
completed, and the vertex return to its original position. 

In Book II. we saw that two tetrahedra might be equal in 
every respect, but yet not congruent. This phenomenon is one 
of which we have every-day experience — as in the case of 
'right-' and 'left-hand' boot. And it may have struck the 
reader that the expression used in the enunciation of my 
proposition II. 16 *If the corners are similarly situated in 
space ' is rather an indefinite test of right- or left-handedness to 
give in what professes to be a formal text-book. But the fact 
is there is no formal geometrical test to apply, the only other 
appeal would be to the right and left hand of the reader, or to 
some other objective thing, which could have no place in a 
subjective geometry. In that geometry we were conceiving 
figures in a regular form, and we now see that it is a mere 
chance which way we might happen to conceive them to be 
placed in that form — whether in the same or in the opposite 
way to another figure equal in every respect. The same thing 
in the case of plane figures is evident. No one can define a 
scalene triangle as right- or left-handed, simply because it 
might be put into a given plane either way up. If however 
we had a set of triangles which never moved out of a plane, we 
might label one right-handed, and every other triangle equal in 
every respect would be either right-handed like it, or left- 
handed. So it is with us in material space. I am in material 
space and cannot get out of it. I therefore mentally label one 
of my hands ' right ' and the other ' left ' and no confusion can 
arise. But if I ever, by magic or other arts, were allowed to 
move in a fourth independent direction, I might on my return 
find my right hand where my left used to be — I should have to 
wear my right-hand boots on the foot I used to call my left — 
with the exception of the pair I wore during my mystical 
journey, which would of course have turned with me. But 
to return to serious reasoning, I commend the question of 
right- and left-handedness to the consideration of Euclidian 
geometricians, and ask them to discuss it from their point of 
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view, and either to frame a geometrical definition of it, or to 

explain why they cannot do so. 

In geometry of two independent directions a point is fixed 

if its distances from two fixed points remain constant. This 

may be expressed by saying that a triangle is the simplest 

rigid fiume. Similarly in geometry of three independent 

directions a tetrahedron is the simplest rigid frame, and in 

geometry of four, a pentangular body. In a pentangular body 

there are five comers, and a side connects every two, that is in 

5.4. 
all —^ = 10 sides, a plane face connects every three, that is 

5.4 3 

^ * ' = 10 faces, and a regular form connects every four, that 

5.4.3.2 
is T o Q A ~^ regular forms. This method is general, and 

so we can calculate the corresponding figures for a rigid frame 
of any number of dimensions. 

A point moving in a constant direction generates a straight 
line, this straight line moving parallel to itself in a second 
direction, a plane. In the same way a spread of any number of 
independent directions may be generated. But if each of these 
motions is limited in amount, we generate a terminated straight 
line, a pkrallelogram, a parallelepiped, and what we may call a 
parallel body in geometry of four independent directions. A 
parallel body will have twice as many comers as a parallele- 
piped, that is 16. At each comer four sides will meet, extending 
in four independent directions, that is the number of sides is 
16 X 4 X J = 32. Every two sides meeting at a comer determine 
a plane face, each face however unites four comers. Hence the 

number of plane faces is 16 . —-9 * 7 = 24. Every three sides 

meeting at a comer determine a regular form, but each regular 
form, or parallelepiped, unites eight comers. Hence the number 

of regular forms is 16 . .. ' * -0 = 8. 

The above results are summarised in the following table, 
which it is not quite superfluous to give, as similar but incorrect 
tables have been given before. 
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Number 
ofi.d's. ^ 

of dimensions of most ex 

tended body 
of Cartesian axes 

of axis planes 

of axis forms 

of axis spaces of four id's. 

and so on 
of comers of rigid frame 

of sides 



of plane faces 



» 



» 



of regular forms „ 
and so on 
of comers of parallel frame 
of sides 

of plane faces 



» 



» 



of regular forms „ 
and so on 
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8 



n 

n{n-\) 

1.2 
»(n-l)(w-2 ) 

1.2.3 
n{n-\){n-9.){n-Z) 
1.2.3.4 

(^4-1) 
{n-\-\)n 
1.2 

1.2.3 

(n-H)n(n-l)(n-2) 
17273. 4 

2»» 

n.2"-! 
n{n-\) 2 
^l72^-^ 
7i{n-\){n-2) 
~1.~273 -^ 



The reader will do well, if he really wishes to become 
familiar with geometry of four independent directions, to 
picture these figures, and the other more complex ones, to 
himself from various points of view, and to picture them as 
twisting from one view to another. If he commences to do 
this by the aid of the shading convention he will find after a 
little practice he will even be able to dispense with this aid, 
and to truly conceive a fourth independent direction, in the 
same way, if not with the same ease, as he conceives the third. 



CHAPTEK IV. 

We may now discuss an alternative to the supposition that 
material space is a regular form, which the two objective facts 
we have accepted still leave open. When the gifted author of 
' Flatland ' conceived a race of beings living in a land of two 
dimensions, he tacitly assumed that that land was a plane ; — 
it does not seem to have occurred to him to conceive a race 
living on the surface of a sphere, or to discuss the views of 
geometry they would be likely to entertain. If the sphere 
were very large compared with their powers of locomotion, they 
might indeed never find out that it was not a plane — for the two 
objective facts of their material space corresponding to those we 
have accepted as true about ours, would still hold good. In 
line land there would indeed be two possible alternatives, the 
line might either be a circle, or a helix. I propose then to show 
at once that for us too there is an alternative, if we only grant 
the two objective facts corresponding to my first and third 
subjective axioms; and I shall subsequently show that this is 
the only alternative consistent with the truth of those objective 
facts. 

The objective facts which we have accepted determine, the 
first, that material space possesses the property that any portion 
of it is congruent with any other equally extensive portion, for 
any geometrical figure which exactly occupies the first portion 
may be made to exactly occupy the second, without change of 
size or shape. It is, in fact, "Ein in sich selbst congruenter 
Raum," that is, a self-congruent space. The second objective 
fact determines that that space is a form, whether a regular one 
or not. 

We are naturally led at once to seek for a self-congruent 
form in the analogue of the sphere. We may define a circle as 
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the locus, in a spread of two iudependeiit directions, of all points 
at a given distance from a given point in it ; and it may be 
conceived to be generated by a point in a straight line revolving 
about a fixed point in itself, in such a spread. A sphere is a 
similar locus in a spread of three independent directions, and 
may be conceived to be generated by the revolution of 
a circle about a diameter, in such a spread. The locus of 
all points in a spread of four independent directions at a 
given distance from a given point in it may similarly be 
conceived to be generated by the revolution of a sphere about 
one of its diametral planes. For the regular form containing 
the sphere will, before completing a straight angle, have passed 
through every point in the spread of four independent directions, 
and, as in each situation of it the sphere contains all points in it 
at the given distance from the given point, or centre, the locus 
generated, when the revolution through a straight angle is 
complete, is the locus required. Moreover the locus is a form. 
For if a plane be conceived through the radius vector to any 
point in the locus, and extending in any direction perpendicular 
to the radius vector, the extremity of the radius vector may 
describe a circle in that plane, and in the locus. But in the 
space of four independent directions there is a whole group of 
three independent directions, each of which is perpendicular to 
the radius vector; and therefore the extremity of the radius 
vector may commence to move in any one of these directions. 
Hence we may call the locus a ' circular form,' and say it extends 
from every point in it in a complete group of three independent 
directions, each of which is perpendicular to the radius vector. 
In more familiar language, the radius vector is perpendicular to 
the tangent-regular-form at every point. 

We can picture to ourselves the generation of a circular 
form, just as we pictured the revolution of a tetrahedron about 
its base. If the revolution of the sphere is about a diametral 
plane to which material space is parallel, each point in the 
sphere will merely appear to move in a straight line perpen- 
dicular to the axis plane, those on one side becoming lighter, 
and the others darker in shade as they appear to approach 
the axis plane. After reaching the axis plane, when the whole 
sphere will merely appear as a circular disc, with a double 
shading on it, becoming both lighter and darker towards the 
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centre, the points of the sphere will appear respectively to 
emerge from the axis plane on opposite sides, and their shading 
to return to its original intensity as they approach material 
space again. During the intermediate stages the shape of the 
sphere will appear to be a more or less oblate spheroid. Thus 
if the sphere was not originally in a regular form parallel to 
material space, it would have begun by looking like an oblate 
spheroid, one pole of which was more, and the other less, black 
than the equator, which would be of a uniform shade. If then 
the revolution did not take place about the equatorial plane, 
each point in the sphere would not simply appear to move in a 
straight line perpendicular to the axis plane, but would appear 
to describe an ellipse of greater or less excentricity. If the 
axis plane extended in the direction of concentration, the 
sphere would always look like a doubly shaded circular disc, as 
described above, and the revolution of the sphere would merely 
appear like the ordinary revolution of such a disc about a 
diameter — though of course that diameter would be a doubly 
shaded line, which in reality represented an equator of the 
sphere. In any of these cases the same result would be produced; 
namely a spherical ball, doubly shaded from the circumference 
towards the centre, the one shading growing blacker, and the 
other less black, as it proceeded inwards. 

It is not impossible to imagine two shaded clouds occupying 
the same space, and forming thus a diagram of concentration of 
a circular form. But we may also, at the cost of a certain 
loss of information, simply conceive, as a diagram of solidity, a 
spherical ball, of a density at the centre corresponding to the 
thickness of the ball, that is the length of a diameter, and at 
every other point in it to the length of a chord at right angles 
to the straight line from the centre to that point. Thus the 
density would vanish at the circumference of the ball, but it 
would not fade away by imperceptible degrees, but would end 
quite abruptly, since at the circumference the circular form 
would extend in the direction of concentration. 

But to proceed with the investigation of the geometrical 
properties of the circular form, in continuation of Book III. 

XV. // a regular form intersect a circular form, the inter- 
section is a sphere. For if a perpendicular be conceived from 
the centre of the circular form to the regular form, all points in 
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the intersection must be equidistant from the foot of this 
perpendicular, for if they were not they could not be equi- 
distant from the centre of the circular form (III. 12). If the 
perpendicular is not less than the radius of the circular form 
there will of course be no intersection, and if it is equal there 
will be a contact. It will not be necessary to mention such 
obvious special cases in the other propositions. 

XVI. If two drctilar forms intersect, their intersection is a 
sphere. For the centres of the two spheres and any point in 
the intersection form a triangle, all of whose sides are constant 
in length, and whose base is immoveable. And the perpendicular 
from the vertex, the point in the intersection, must meet this 
base always in the same point, and be of constant length, for 
any two situations of the triangle are congruent to each other 
(I. 14). Hence the intersection consists of all points at a fixed 
distance from the fixed foot of the perpendicular, and in direc- 
tions from it perpendicular to the straight line joining the 
centres of the spheres— that is therefore, in a regular form 
(III. 11). Therefore the intersection is a sphere. 

XVII. If a plane intersect a circular form, the intersection 
is a circle. This may be proved in the same way as proposition 
XV. 

XVIII. If a sphere intersect a circular form, the intersection 
is a circle. For the intersection of the regular form in which 
the sphere is and the circular form is a sphere (III. 15). And 
that the intersection of this sphere and the given sphere, which 
are both in one regular form, is a circle, may be proved as in 
III. 16, unless the centres of the two spheres coincide. In this 
case, since by hypothesis they intersect, they must be one and 
the same sphere. 

XIX. If three circular form^ intersect, their intersection is 
a circle. For the intersection of two of them is a sphere, and 
the intersection of this with the third a circle (III. 18). 

XX. If a straight line intersect a circular form, it does so 
in two, and only two, points. For the intersection consists of 
points equidistant from the foot of the perpendiculai' from the 
centre on the straight line. If this perpendicular is equal in 
length to the radius of the circular form there is of course only 
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one point common to the straight line and form — ^but in this 
case the straight line does not intersect, but only touches it. 

If a regular form through the centre of a circular form 
intersect it, the radius of the sphere of intersection is obviously 
the same as that of the form. In all other cases it is less. 
Hence such a sphere may be called a great sphere in the 
circular form. In the same way the intersection of a plane 
through the centre with a circular form may be called a great 
circle, and the points of intersection of a straight line through 
the centre, two poles. The intersection of two great spheres 
is a great circle, and the intersection of two great circles, or 
three great spheres (if they intersect at all), is a pair of poles. 
Through two great circles which intersect, or any three points 
which are not in the same great circle, a great sphere may be 
conceived. Thus the great circles joining three points which 
are not in one great circle fonn a spherical triangle, the radius 
of whose sphere is- that of the circular form. Hence it may be 
shown as in spherical trigonometry that ii A, B, and C be the 
angles of the triangle, and A its spherical area, and p the radius 
of the circular form, — 

P 
Now we have seen that a circular form may be conceived 
to be generated by the revolution of a sphere round any 
diametral plane. The whole circular form may therefore re- 
volve in any way about its centre without ever occupying any 
new positions. Hence any figure in it may be carried from any 
one part to any other part of a spread of this form, without 
undergoing any change of size or shape. Moreover such a figure 
may revolve about any diameter of the circular form in any way, 
that is, remaining in the circular form it may revolve about 
any point in it, that is a pole of such a diameter. Similarly 
the figure may revolve about any diametral plane of the circular 
form, that is, remaining in the circular form, it may revolve 
about any great circle in it. It follows therefore that a space 
of the shape of a circular form is a self congruent space of 
three dimensions, and as far as the two objective facts we have 
accepted as true go, there is nothing to distinguish material 
space from such a space. If it were such a space it would follow 
that the things we call straight lines were really great circles, 
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and the things we call planes great spheres of circular space. 
Let us consider whether we really know anything to preclude 
this possibility. 

What do we actually know about the things we call straight 
lines ? If I say that the edge of a certain ruler is * straight ' I 
may mean that it extends in the same direction . from every 
point in it, but if my assertion is challenged I have to fall back 
upon some other test of straightness. There are four ways in 
which the straightness of a line may be tested, and upon each 
of them a geometrical definition of the term ' straight line ' has 
been founded by one or other writer on the subject. The four 
tests are these : 

1. Take three approximate straight edges, and fit them 
against each other two and two, noticing where they touch. 
By scraping down the places where they touch each may 
ultimately be made to coincide exactly with the other two all 
along. In practice this method is used with plane surfaces, not 
straight edges, and straight edges are got by the intersection 
of two such surfaces. This may be called the Whitworth test 
of straightness or flatness, for it was Sir Joseph Whitworth who 
first made practical use of it. It corresponds to the definitions 
*Two straight lines, or planes, cannot (in general) enclose a 
space.' 

2. Take a rigid rod, supposed to be straight, and twist it 
about two fixed points in itself (the rod may be conceived as a 
thin right circular cylinder — and in the limit, as a line). If 
straight, it will not change its position. Thus a turned wooden 
ruler of uniform thickness, is * straight.' The corresponding 
definition may be stated thus — *A straight line is such that 
it may be twisted about two fixed points in itself without 
change of position.' 

3. Take a fine light flexible thread and stretch it tightly 
between two points. The 'straight' line thus produced (the 
sag of the string owing to its weight being neglected) is very 
frequently used, by bricklayers, gardeners, and so on. It 
corresponds to Legendre's definition, which may be paraphrased, 
in order i^ot to use terms in a different sense from what I have 
given to them in this book, thus 'A straight line is the shortest 
path between two positions.' 

4. But perhaps the commonest test of all in every-day 
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life is that a straight line is the path of a ray of light — in an 
uniform medium, that is in one in which it is propagated with 
the same velocity in all directions. Hence it follows that, 
whether on the wave theory of light or on the emission theory, 
the locus of a given phase of a given wave, or of particles which 
started at a given moment, as the case may be, is the locus of 
a number of points whose distances from the origin of the 
disturbance are equal. The path of a 'ray' of light is an 
orthogonal trajectory of a series of such loci, and a straight 
line may therefore be defined as such a trajectory. 

I believe one or other of these four tests corresponds to 
every definition of a straight line which has been made use 
of in geometry, except the definition by direction. Euclid's 
definition may perhaps be excepted, as having no meaning 
whatever, but he uses the first test of straightness above cited. 
Plato said ' A straight line is that of which the extremity hides 
all the rest, the eye being placed in the continuation of the 
line.' This is of course the fourth test. Legendre, and the 
majority of foreign geometricians I believe, have adopted the 
third test. One author only, as far as I have discovered*, 
makes any theoretical use of the second test, deducing it from 
the idea of the locus of the points of contact of two spheres 
with given centres. Thus the test approximates very closely 
to the fourth test. The same author defines a plane in an 
analogous manner, which is equivalent to defining it as the 
locus of all points at equal distances from two given points. 

Now it would be easy to show that in a regular form all 
these tests would be fair tests of the straightness of a line. 
But it is npt difficult to show that if space is a circular form all 
the tests are equally applicable, but that all give, not a straight 
line but, a great circle. 

For (1) through three points which are not in a straight 
line one plane only can be drawn. Hence through two points 
not in a diameter of a circular form, and the centre, one plane 
only can be drawn, and therefore through two such points in 
a circular form only one great circle can pass. We have there- 
fore only to assume that material space is so large a circular 
form that we have never attempted to draw more than one 
* straight ' line through two points at opposite ends of a dia- 

1 * Geometry without Axioms,' T. P. Thomson. 

» : : ... :•• -^r: 
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meter, and it would seem to us that two 'straight' lines, 
(though they were really great circles) could not enclose a 
space. 

(2) As a diametral plane of a circular form can be twisted 
about itself without any change of position, so can a great circle 
in the circular form. The way Mr Thomson deduces his defini- 
tion fi-om the idea of a series of spheres touching each other 
may also be followed out in a circular form. For a sphere in a 
circular form is the intersection of that circular form with a 
regular form. Its centre is the foot of the perpendicular from 
the centre of the circular form upon this regular form, and is 
therefore not in the circular form at all. The apparent centre 
is a point in the circular form in the diameter through the 
true centre, and the apparent radii are arcs of great circles 
through this apparent centre. Let -4, B therefore be the 
apparent centres of two spheres in a circular form whose centre 
is 0, and let P, Q be their true centres, and let the two spheres 
touch each other at (7, in the circular form. Then the 
regular forms containing the spheres intersect in a plane 
through G, And, since both spheres touch this plane, the 
directions PC, QG are perpendicular to it. But since the 
circular form extends fi'om G in the same directions as this 
plane does, the direction 0(7 is also perpendicular to it. Now 
since the directions OP, OQ are perpendicular to the straight 
lines GP, GQ, these straight lines are not parallel. Therefore 
they determine a plane, which must therefore be perpendicular 
to the plane of contact of the two spheres, through 0, and 
which must therefore contain also OG, which is perpendicular 
to this plane. (III. 9.) Hence the point G is in the plane 
OPQ, that is in the plane OAB, Therefore it is in the great 
circle AB, and this great circle is therefore the locus of such 
points of contact. 

(3) That a great circle is the shortest path from one point 
to another in a circular form may be proved in the same way 
that it is proved in spherical trigonometry. Or, since all the 
premises, from which the analogous proposition is proved for a 
regular form, apply in a circular form, if the lines in the 
figure are none of them as great as a semi-circumference of a 
great circle, the proof that a straight line is the shortest path 
in a regular form applies to prove that the great circle is the 
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shortest path in a circular form, if it is not so great as a semi- 
circumference. (The fact that the exterior angle of a triangle 
is greater than the interior and opposite is proved in Euclid's 
manner, supplemented in the way I have indicated in Part I.) 

(4) I have already shown that the true centre of a sphere 
in a circular form is not in that form, but in the radius vector 
to the apparent centre, or pole, of the sphere. The centres of 
a series of increasing spheres with the same apparent centre 
will therefore be a series of points in this radius vector, ap- 
proaching the centre of the circular form. Any one of these 
spheres, from any point in it, extends in directions which are 
perpendicular both to its own radius vector from its true centre, 
and to the radius vector from the centre of the circular form. 
That is to say, it extends in directions perpendicular to a plane 
containing its own true centre, the centre of the circular form, 
and the point in question. This plane also contains its apparent 
centre, and is the diametral plane, whose intersection with the 
circular form constitutes the great circle, which is the apparent 
radius vector to the given point. The sphere therefore extends 
from the given point in directions to which the directions in which 
this stpparent radius vector extends, are perpendicular. Thus, 
such a great circle, through the apparent centre of the series of 
(apparently) concentric spheres, is an orthogonal trajectory of 
the series ; and so fulfils the last test we have of ' straightness.* 

Thus the two objective facts we have accepted as true are 
not enough to prove that material space is not a circular form. 
Moreover if it was a circular form of large radius, we might 
easily not find it out without having first logically investigated 
the possibility of its being one, and its consequencea This will 
be evident if we merely consider how many generations of men 
lived and died without ever finding out that the surface of the 
earth is a sphere, and not a plane. And yet they had far more 
obvious means at hand wherewith to deal with the problem, 
for their ' straight ' lines were at least straight enough to detect 
the curvature of the surface of the earth. 

The method to be employed in this case will however doubt- 
less have occurred to the reader at once. It is by measuring 
the angles of triangles, for excess. The discussion of this 
method is however better postponed until we see that its 
results would really be conclusive. To do this we must in- 

8-^2-! 
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vestigate whether there are no other forms which are self- 
congruent, besides the regular and circular forms; and this 
when we conceive the possibility of the variation of positions 
not only in four, but in any number of independent directions. 

It would be difficult to conduct this investigation by the 
geometrical methods I have hitherto employed, so I embrace 
the opportunity of showing how readily the conception of direc- 
tion, as I have advanced it, adapts itself to the development of 
the theory of analytical geometry; and I shall outline that 
theory from the very beginning in order to show that its methods 
are perfectly general, and that it is by a pure mathematical 
induction, not by mere reasoning from particular to genei^al 
assertions, that its methods are applied to geometry of any 
number of independent directions. 






CHAPTER V. 

The primary object of analytical geometry is the numerical 
representation of differences of position and direction. For we 
cannot even conceive such a thing as an absolutely fixed point, 
we can only assume that a certain point is fixed, that is, that it 
does not change its position, and determine the positions of all 
other points by reference to it. So also, although the common 
acceptance of Newton's first law of motion seems to make it 
probable that we do conceive of absolutely fixed directions, we 
have no geometrical test for fixity of direction, and so, geometri- 
cally, directions also can only be determined relatively. The 
problem of analytical geometry is then to determine positions 
and directions with reference to a given point, whose position is 
assumed to be unalterable, and one or more given directions. 

The most elementary conception of geometry is that of 
a single position, of a single, fixed, point. Such a point, 
the datum from which we start, is called the 'Origin.' If 
besides this we conceive any other points, they lie in one or 
more directions from the origin. And having once conceived 
a direction, we may conceive positions varying in this direction 
from any position we have already conceived. 

Let us then start with an origin A, and a second position B, 
Then we have conceived the direction AB. Let C therefore be 
another point in this direction from B, Since we have also 
conceived the direction BA we may also conceive points in this 
direction fi-om -4, that is we may conceive any point in the 
unterminated straight line AB, 

If now the distance AB hQ represented by unity and the 
distance -4(7 by 3, say, the positions of B and C with reference 
to 4 as origin may be represented by the numbers 1 and 3 
respectively. But now suppose we take B as origin, then 
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the position of C will be represented by the distance BG, 
that is by (^AC — AB) or 2. If we apply the same rule to 
the case of the position -4, since its position was formerly 
represented by 0, its position will now be represented by 
(0 — 1), or — 1. Hence if we represent positions on one side 
of the origin by positive numbers, or coordinates as they are 
called, and those on the opposite side by negative numbers, 
a single number, with its proper sign, will represent any 
position. - And we obtain the following universal rule : — 

If ike origin is moved to a position whose old coordinate 
was a, a position whose coordinate was formerly x will now he 
represented by (x — a). 

Thus we can analytically determine any position, in a given 
direction or the opposite, from a given origin 0, by a single 
(positive or negative) coordinate, x. If we now conceive 
another position besides all these, it lies in a new direction 
from 0, and we may conceive a similar series of positions 
in this new direction, each determined by a single coordinate 
y, from the origin 0, or from any of the positions formerly 
determined by a coordinate x from 0. Thus we have a system 
of positions determined by two measurements in independent 
directions from ; x and y. By the first corollary to proposi- 
tion I. 23 the order in which these measurements are made is 
indifferent. And as they are quite independent measurements 
the rule about change in the coordinate consequent on changing 
the origin, given above, will apply to each separately. Thus if 
the origin is moved to a position whose old coordinates were 
(a, b) the new coordinates of (x, y) are {x — a), (y — 6). 

If we now consider yet another position not included among 
these, we conceive a third independent direction, and to deter- 
mine a position we require three coordinates. The rule for 
change of origin applies as before to each separately. And 
so we may go on ad libitum. Hence in a space of any number 
of independent directions, if the origin is moved to a point 
{abc,..) and if (xyz..,) be the old and (x'yW,,.) the new coordi- 
nates of any point, we have 

x'^x-a; y' = y-b; / = ^-c;...| 
and x = x-\-a; y = y'-\-b; z = / + c;...) ^ ^' 

Straight lines through the origin in the given independent 
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dii'ections in which the coordinates are measured are called the 
coordinate axes. Every two of these determine a plane, called 
an axis plane. Every three determine a regular form, called an 
axis form. And so on. Thus in geometry of four independent 
directions there are four axes, six axis planes, and four axis 
forms. 

The obvious way of indicating a direction analytically is by 
giving the coordinates of a point at unit distance from the 
origin. It follows from the principles of similar triangles 
established by Euclid in his sixth book, that if {xyz,,,) be 
the coordinates of any point at a distance s from the origin, 

(00 XI z \ 
-, - , -...). 
8 8 8 J 

To find its direction from any other point {xy'z .,,) whose 
distance from it is s' we have only to move the origin to the 
point (d?y/...), so that the coordinates of (pcyz...) become 
(a? — of) (y — y') (^ — /)... ; and therefore its direction from 

— 7 — , - — 7^, — 7—...). Simi- 

8 8 8/ 

larly, to find the direction of the point (x'y'z..,) from (ayz,.,) 
we move the origin to (jvyz,..)] and as s', the distance between 
the points, remains the same, the direction is represented by 

I — -, — , —r^s — ? — ...), that is, by the same numbers, or 
\ 8 8 8 J *' 

direction coefficients as we may call them, as before, but with 

their signs reversed. 

To find an expression for the distance of any point from the 
origin, let OL, LM, MN,.,, be the coordinates (xyz.,,) of any 
position P at a distance 8 from the origin 0. Let (afiy.,,) be 
the angles which OP makes with the directions of the axes, and 
conceive perpendiculars PA, PB, PC, from P to each of the 
axes. 

Then if each of the points X, M, N,,,, be projected upon OP 
by straight lines perpendicular to it, it is obvious that OP is 
equal to the sum of these projections, that is that 

5 = ajcosa + ycos)8+^cos7 + 

^ ^ OA OA ^ 

D\it cos a = Ts^s = — • Hence 

OP 8 

^ = x.OA+y. OB + z.OC-^ , 
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and OA is equal to the sum of OL and LAy that is to the sum 
of X, and the sum of the projections oi y,z... upon the axis of x, 
by straight lines perpendicular to it. That is, if (oey) represent 
the angle between the directions of x and y, and so on 

5* = a? . a? + a? . y cos (a?y ) + x.z cos (xz) + 

+ y . a? cos (yx) -{-y ,y + y ,zcos (yz) + 

+ z ,x COS (zx) + zy cos (zy) -\-z .z^ 

and so on 

= a;2 + y' + ^'+ + 2a;y cos (a;y) + 2y^ cos (y^) 4- (2), 

1} • © ■"■ 1 
there being p terms of the first kind, and ^ '^ — of the second. 

If (Imn.,.) be the direction coefficients of the direction OP, 

X 1/ 

dividing the above equation by ^ we get, since Z = - , m = - 

and so on, 
P-hm» + n'+ ... + 2/!m cos (a:y) + 2wn cos (y^) +.. . = 1 (3). 

This equation of condition subsists then for all direction coeffi- 
cients. 

The distance of {xyz..,) from any other point (a?'yV...) can 
be deduced at once from the above formulae by moving the 
origin to (a/y'/...), that is by writing (x — af) for a;, (y t y) 
for y and so on in the formula (2). If the axes are all at right 
angles to each other the cosines of the angles between them are 
all zero and so equations (2) and (.3) become 

s^ = x^-{-y^-{-z^+ , P±m^ + n^+ = 1. 

The condition that any number of directions 12...g' shall not 
be independent of each other in a space of jp independent direc- 
tions, may be found from the consideration that if they are not, 
after moving a distance 5i, fi'om the origin in any one of the 
given directions it must be possible to return to it by move- 
ments (positive or negative) Sa Ss.».Sq in the remaining directions. 
Hence given any value of Si it must be possible to find values of 
^2 ^8- • *Sq to satisfy the p equations 

SiTrii + ^2^2 + ^8^ + SqTriq = 

and so on 

We have then to eliminate (q — 1) quantities from p equations. 






CHAPTER V. 121 

If we can do so, we may divide by 5i, the remaining quantity, 
and have left one or more equations of condition that the direc- 
tions shall not be independent. Thus if g is greater than p 
these equations will contain some of the variables s^s^,,, and 
so a solution can always be found, i.e. the directions are not 
independent. If j is equal to or less than p we obtain one 
or more conditions, in the form of determinants equated to zero. 
As such symmetrical determinants occur frequently in the next 

few pages, I shall use the symbol ^ ^^ for a determinant 

formed of columns of ?s, ms and so on, the rows being distin- 
guished by the suffixes 123 p. If the number of letters in 

the numerator is less than the number of sufiixes, the number 
is to be made up with columns of units. 

The condition then that p directions be not independent is 

^123 .p-^' 

where all the p letters appear in the numerator. The conditions 
that any less number, g, be not independent a^e of the same 
form, but only q of the p letters appearing in each numerator 
and of numbers in each denominator. Hence if |) — g = r, the 
number of conditions may be written either 

j?.p— I.j?— 2 .j? — rH- 1 j?.j? — l.j?— 2 .p- q^-l 

but of this number only (r + 1) are independent, for they are all 
deduced from p equations after eliminating {q — 1) quantities. 

The condition that two directions may be at right angles is 
easily found. For if the directions 1 and 2 are at right angles 
the distances of a point (^mini...) from two points (Zj^Wa...) 
(— ^2, — 7Wa, — 7i2,...) each at unit distance from the origin, must 
be equal. Hence 

+ 2 (^ — Zg) {mi — TWa) cos{xy) + 

+ 2(^1 4- ia)(^ + ^)cos(a^)+ 

From which we deduce the condition 
^1^2+^^ + ^^2 + ... +(^^1^2 4- ia^) cos (a?y) + ... = 0... (5). 
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In the case of rectangular axes this reduces to 

y a + TMjm, + niWj + =0. 

The condition that two directions may be identical or oppo- 
site may be put in a similar form, namely 

^^ + ^1^ + ^^+ = ± 1 (6). 

For if to twice the above equation (6) with the lower sign 
we add the equations 

Zi* + mi*+ni* +.,.... = 1, 

y + w,» + Wa*+ = 1, 

or if from these we subtract twice equation 6 with the upper 
sign, we get 

{li ± l^-^(ra, ± wi,)> + (ni + n^f-V &c. = 0, 

which requires that each of the expressions in the brackets 
should vanish. 

It is easy in a similar manner to find the trigonometrical 
ratios of the angle between any two directions. For the dis- 
tance between the points (liming and (km^n^X both being at 
imit distance from the origin, is the chord of this angle. Hence 
if the axes are rectangular we have 

&m -^ = ^ J(li — hy + (nil - rn^y -\' (rii — n^y -\- &c. 



= \/i(l — lih — minii — niTiz— &c.), 

= y 1-si] 



2 V 2 



= is/i (1 + Ziia + mjma + riiWa + &C.), 

A A 
cos -4 =cos' ~ — sin* Y = V2 + ^^ + ^W2+ &c., 

sin J. = >/l - (^2 + ^^iTWa + Win, 4- &c.)'; 

and the latter expression may easily be shown to be equal to 

•.(^I2J+(^12J+ '^^•}' 

the bracket containing determinants formed from all the coiq- 
binations of the coefficients two at a time. The conditions (5) 
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and (6) may therefore be replaced by equating this expression 
to 1 and respectively. Similar expressions for oblique axes 
may be found by exactly the same methods. 

We have seen that the directions of the axes must be 
independent directions, but with this restriction it is still 
possible to twist them into various directions. Any possible 
alterations in the directions of the axes may be performed by 
successive twists of two axes at a time in their own axis plane, 
and each of such twistings will only affect the coordinates 
parallel to the axes twisted, though in the case of oblique axes 
it will also affect the angles between these axes and the rest. 
Suppose, for example, in a space of four independent directions 
it is required to twist the axes into four new independent 
directions 1, 2, 3, 4 that is, until they pass through the four 
points (liTTiinJc^ (l^m^njc^ and so on, all at unit distance from 
the origin. This can be done in six stages, thus — 



A rotation in 


brings the axis 


that of y 


that of z 


and that 


the plane of 


of X to 


to 


to 


of i/?to 


(^) 


ly^m^OO 


l^m^OO 


0000 


0000 


i2f^) 


l^rn^OO 


^2 ^2 ^2 ^ 


OmgHgO 


0000 


(zw) 


ly^m^OO 


l^m^n^O 


Om^n^Jc^ 


OOm^k^ 


{wx) 


l^m^Ohi 


^9712^2^ 


OmjWs^g 


1^0 m^k^ 


{xz) 


ll 97lj 71^ k^ 


^2 ^2 ^^2 ^ 


h'"h''Hh 


l^ m^ k^ 


(^) 


h^^h 


^2 ^2 ^ ^2 


h^^^3 


l^ m^ n^ k^ 



The coordinates in the table being all referred to the original 
axes. This method is sometimes convenient. Or else general 
formulae may be obtained thus,— 

We observe that if a point can move from the origin to a 

given position by a movement 8, in a direction (Imn ), it 

can also move to it by movements Is, ms, ns, in the direc- 
tions of the axes of (x, y, z ) respectively, these being the 

coordinates of the position. 

Let it then be required to find the coefficients (V/iV ) 

of a direction referred to a set of axes {x'y'z' ), whose 

coefficients referred to a given set of axes {psyz ) were 

(\/ii/ ), the directions of the new axes referred to the old 

being (iiWiiWi ) (l^rri^n^ ) and so on. 

Then by hypothesis a point can move from the origin to 
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the point P, at unit distance from it, whose old coordinates are 
(X/L«; ), either 

(1) by movements {\fiv ) in the directions of the axes 

of (a?, y, z ) respectively, or 

(2) by movements (Xfjkp' ) in the directions of the 

axes of (a/yV ) respectively. 

But these latter movements may be replaced as follows — 
X' by (liX), (wiV), (wi^O in the directions (osyz ) re- 
spectively [for (X'OO ) is a point at distance X' from the 

origin in the direction {limirii )], 

fi' by (i^'), {m^'), (wa/i') ... in the same directions, and so on. 
Or, as the movements may, by (I. 23, cor. (ii)) be taken in 
any order, a point may be moved from the origin to P by 
movements 

(iiX' + lifi +ltv + ) in the direction of x ; 

(miX' + r^a/i' + my + ) in the direction of y ; 

(nj\f + Uifi + Wji/' + ) in the direction of z ; 

and so on. 

These therefore are the coordinates of P referred to the 
axes (xyz ). That is to say, 

X= W+ l^'+ kv' + 
fi = m^ + m^' + nizv + 
V = njX' + n^' + ny + 
and so on 

Whence we get also — 

X /A ]/ ... 

62 f/c>2 iv% ... 

63 7/1 J 7I3 ... 



(7). 



X' = 



^ 



hnn,., 

1237;7 



mn,.. 






* 



Imn... 

123777 



(-)^>'= 



X 


M 


V ... 


k 


^1 


Til ... 


• 


mg 


Tts ... 







mw... 



^*r3'.:+(->'"''*^fe+*«- 



^ 



123^ 



<t> 



Imn. . . 

1237T7 



(8), 
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aod so on ; where, in the determinants in the numerators of the 
second expressions, one number, namely that corresponding to 
the coefficient (V) on the left of the equation, and one letter, 
namely that corresponding to the coefficient (\) of each de- 
terminant, is omitted, leaving determinants of the order (p — 1). 
To deduce from these formulae the new coordinates 

(o(f]/z' ) of a position whose old coordinates were (icyz ) 

we observe that the distance of the position from the origin 8, 
is unaltered ; and its direction from the origin, referred to the 

old coordinates, is (-, ", - j. Substituting these in (8) 

we get the values of the coefficients of the same direction 

referred to the new axes, that is, of -, - , and so on. As the 

8 8 

equations are all homogeneous the s multiplies out, and the 
result is the same as if we had written oc for \, of for V and so 
on, throughout equations (7) and (8). 

If only two axes are rotated in their own plane the formulae 
(7) and (8) reduce to 

X' = ^^ (m^X — l^fjb) 



m 



*12 ) 

In the special case where both the old and new systems 
of axes are rectangular, equations (8) may be much simplified. 
This may be proved by the method of successive rotations of 
two axes at a time, referred to above. In this case, since the 
direction at right angles to {I, m) in the plane of {ocy) is the 
direction (— m, I), equations 9 become 

X = ?\' — mfi, 
fi = rrCK' + liii 

Hence the effect on the coordinates {xyz ) of any posi- 
tion, of a twist of the axes of {xy) in their own plane till they 

pass through the points {Ijnfi^i ) (l^mjdO ) that is, till 

the axis of x extends in the direction 

li nil 



'\ and ^' = ^+^1^ \ (10). 



Jli" + m? s/li^ + mi« ' 



0, ) 



w 
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is that they become respectively 

And the new coeflScients of the direction (Zi??iiWi ) are 

Vd' + mi* ; 0; tii; Ai; &c. 

Hence the next twist, in the axis plane {xz), has to bring the 
axis of X into the direction 

>/^^ + ^' . 0- ""' 0- &c 

Therefore the coordinates of P after this twist become 

l^x + rwiy + Wi^ . — miic + ^y — n^ Q^x + miy) + (l\ + mi') ^ 
n/F+^TwT'' JW+m^^ ' x/«i' + miVii' + Wa* + ni« 

and the new coefficients of the direction (iimiWi ) are 

^/Zl' + mi« + Wi' > ^5 0; *; &c. 

If we continue this process (^ — 1) times, that is, if we 
twist the axis of x with reference to each of the other axes in 
succession, the direction coefficients (iimirii...) become all zero 
except the first, which is unity since 

l^ + mi* + n^+ {p terms)= 1, 

and the coordinate x' of the position P becomes 

x' =liX + injy + niZ+ 

Similarly y' = l^ + miy + n^+ 

2^ — l^ic + ^n^y + nt;s + i ^ ^ 

and so on j 

and in these equations as before we may write X' for x\ and 
\ for Xy and so on, and so get the new direction coefficients of a 
direction. For example, the old coefficients of the old axis of x 

were (1, 0, 0, 0, ). Thus the new coefficients of the old 

axis of X are (lil^k )• Thus, considering the axes (a?V/ ) 

as the original ones, formula (11) gives for the coordinate a? of a 
position referred to the other axes 

x = kx +1^' + 1^ + 

which agrees with (7). 
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If {ayyz ) is any point in a space of p independent 

directions what is represented by a single equation — 

F{!cyz ) = (1).? 

The equation obviously represents the locus of a number of 
points obeying certain conditions. As (in general) the variables 
may vary continuously in the equation, the locus will (in general) 
be a spread of some kind. Let us then investigate the direc- 
tions in which it extends from any point in it. 

If {x + ^x) (y + Ay) (z + ^z) be a point in the locus 

near (xyz ) at a distance As from it, then the direction 

from (ocyz ) to it is represented by the direction coeflScients 

A^ Ay Az 
As' As* A^ 

If the distance As is indefinitely diminished, in the limit this 
direction is a direction in which the spread extends from the 
point (xyz ), and its coeflScients are 

dx dy dz 
ds' ds' ds 

Now s is some function of xyz,..,.,. Hence differentiating 
(1) with respect to s we get 

dJ^ dx dF dy dF dz _ 

dx ' ds dy ' ds dz ' ds ~ "K )- 

JTjl 

The quantities -7—, are constant at any given point in the 

locus, and may be replaced by letters XYZ which are 

understood to be dependent on xyz , the coordinates of the 

dnB 

given point. The quantities -r- &c. are the direction coef- 
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ficients of any direction in which the spread extends from this 

given point, and may be replaced by (X/ii; ®). Thus the 

equation 

X\+7ti + Zv + = (3), 

determines in what directions the spread extends. 

Now the p quantities (\/ii/ w) are not quite indepen- 
dent, for as we have seen, being direction coeflScients, they are 
connected by an equation of condition which we found in the 
last chapter (formula 3). This condition also prevents their all 
being zero. Hence we may consider one of them \, to be 
determined by this condition in terms of the others, and not to 
be zero, we may therefore divide equation (3) by X and have 
left an equation of the first degree in (p — 1) arbitrary variables, 

fl V CD 

X' X X* 

Now in equation (3) any one of the constant quantities 
XT will be zero for every point in the locus, if the cor- 
responding coordinate does not appear in equation (1). But 
even if it does appear, the quantity may be zero for a particular 
point in the locus, for it is got by diflferentiating F with respect 
to one of the variables in it, and then giving these variables 
particular values, which may of course make the result vanish. 

But suppose that at a given point (a/yV ) in the locus, q 

out of the p quantities X, F, do not vanish, including 

X, Then (3) becomes an equation in (g'— 1) arbitrary ratios 

^, -, -. We may therefore assign any values we please 

XX X 

to all but one (say r ) of these ratios and also to all the {p — q) 

coefficients which do not occur in the equation, and we may 

then determine ^ . Suppose we ascribe the value zero to each 

one of these arbitrary ratios. We have then found one direc- 
tion in which the spread extends, which we may denote by 

(Xi/tiOO ). 

Now vary each of the (p — 2) arbitrary values we have 
assumed in turn, making each in turn unity instead of zero for 
instance. In the case of the {q — 2) arbitrary ratios which appear 

in the equation (3) a redetermination of ^ will be necessary ; 
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but in the case of the (p — q) which do not appear in the equa- 
tion this will not be necessary. We shall now have (p — 1) 

directions in which the spread extends from (a?'yV ). It 

only remains to show that they are independent directions, 
and that all other directions in which the spread extends are 
dependent upon them. 

Now the complete determinant formed from these (p — 1) 

direction coefficients {XiV^ ©i) (Xai'a (o^ omitting 

any one of the coefficients, /iti/^ ...... from each, may be de- 
veloped thus — 

, \V ft) 

9 



12 {fi-D 



to , v„ . V ft) 



=^^^ 23...V.Vi-l) + ^"^"^^^ 34.....'.(p-l).l 



+ ±^(P-^)^12.!Z(/--2)- 



Now none of the quantities Xi, X2 are zero, and of each 

of the quantities {v ®) in each direction after the first, all 

are zero except one, in each direction, whereas in the first 
direction all are zero. Hence each determinant on the right 
of the above equation has a complete row of zeros (that cor- 
responding to direction 1) except the first, the letters in which 
are all zero except those on the leading diagonal. Therefore 
this term on the right hand of the equation remains alone, and 
is not zero. Therefore the (p — 1) directions are independent 
of each other. 

Now let us select any other direction in which the spread 
extends, and which therefore satisfies equation (3). We thus 
have p directions in all If the q coefficients of this new 
direction which appear in the equation (3) are equal or pro- 
portional to the first q of any of the former {jp — 2) directions, 
then the determinant 

"^l^Z q 

formed from these first q coefficients will have two rows equal 
or proportional, and will therefore vanish. But if not we obtain 
one more independent and consistent equation of form (3), that 
is q equations in all, which suffice to eliminate the q quantities 

D. 9 
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XY none of which by hypothesis are zero, and so we are 

left with the same condition as above, namely 

^123 g = ^- 

Now if -^ be one of the remaining (p — q) direction coef- 
ficients we have 

- \flV TT, -^ 

''123 ?.(? + !) 

And we gave the value zero to all the ratios ^ except one. As 

yjr is not among the first q direction coefficients, it was one of 
those after the q^^ which was not zero, say the (q + 1/^ Thus 
all the terms on the right of the above equation after the first 
vanish on account of the -^ coefficient, and the first vanishes 
because, as we have seen, its determinant <f> vanishes. In the 
same way it can be proved that we may form a determinant 
with yet another of the remaining (p — q) coefficients, which 
will vanish; and by proceeding in this way to the end, we 
find that 

*123 p"^' 

That is the p directions are not independent, and therefore the 
spread represented by equation (1) extends from every point in 
it in (p — 1) and no more independent directions. We may call 
such a spread one of the (p — 1/** order. 

In the same way it may be shown that two simultaneous 
independent and consistent equations 

F.ixyz ) = 0[ W. 

in general represent a spread of the {p — 2/** order. 
For as above we may deduce the equations 

Zi\+ Yifi+Z^v + = 0] 

X^jX + Y2/JL + Z2V + . . . . 

And even if both these equations (5) contain all the p 

coefficients (\fiv w) we may eliminate one of them and 

so obtain an equation in (p — 1) of them, from which we may 



:2I (')• 
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show as above that the locus extends in {p — 2) independent 
directions, for we may ascribe {p — 2) arbitrary values to the 
ratios of (p — 1) of the coefficients, determining the p^^ coef- 
ficient in each case fi'om one of the equations (5). And if 
equations (5) are independent we may show as above that 
there cannot be more than (p — 2) independent directions 
which satisfy them. 

Thus two simultaneous independent and consistent equa- 
tions in general represent a spread of the {p — 2)^** order. Or 
we may say that two spreads of the {p — 1)*** order in general 
intersect in a spread of the order {p — 2). 

And so generally q equations represent in a space of p 
independent directions a spread of the (p — qf^ order, or the 
intersection of q spreads of the order (p — 1) is in general a 
spread of the order (p — q). 

Thus a line will in general be represented by (p — 1) equa- 
tions, a surface by (p — 2), a form by (p — 3) and so on. 

The condition that a spread shall be a regular one is that 
the equation or equations determining the directions in which 
it extends should be the same for every point in the spread. 

That is, the differentials -=- , -j- and so on, must all be con- 

dx ay 

stants. Hence all the equations representing regular spreads 

must be equations of the first degree. 

The equations to a straight line may be got at in another 

way. Let {ahc ) be any point in a straight line and 

(Imn ) the direction in which it extends, 8 the distance 

of any other point in it fi'om {ahc ). Then we have 

x = a-\-ls\ y = b + 7n8; z = c + n8 and so on. 

n x — a _ y — hz — c _ __ ,^. 

Imn ^ ^ 

(The last equation is of course not independent of the 
others.) 

If this straight line passes through a second known point 
(a'6V ) at a distance 5' from {abc ) then 

and so on. Hence the equations to the straight line joining two 
points are, 

9—2 
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x — a _y — ft^-zf — c _ 



8 



.(7). 



Similarly if (ahc ) be a known point in a plane which ex- 
tends in two known directions, 1 and 2, from it, then if it extend 
in any third direction, we have 



4> 



Irrm . mnk 



= 0. 



But ?, = —^ — , m^ = ^ 

8 8 



123""^ 123 

and so on. Hence substituting 



in the above equations and expanding, 



mn 



rd 



Im 






12 



12 



12 






12 



12 



12 

and so on. 



(8). 



are the equations to the plane. There will altogether be 

-^^ — «-p^- of these equations, but only (p — 2) of them 

will be independent. 

If we are given three points 1, 2, 3 in the plane which are 
not in a straight line, then if ^V be the distances from 1 to 2 
and to 3 respectively the conditions that the direction to any 
point on from (oftc.) shall be dependent on these directions may 
be written 

x — a y — h z — c 



8 8 8 

di — (h &i — 62 Ci — Ca 

8' ~ T 

Oi — Oj 61 — 63 Ci — c. 



Jf 



= and so on. 



8 8 8' 

This may be reduced to the series of equations 



he 



(--)^lf3-^<^-^)<^ii + (--^)</>^ = 0] 



(y-6)^ 



cd 



db 



be 



123+<^-^>*r23-^(^-^)*lS = ^ 

and so on i 



(9). 
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And so we may find the equations to any regular spread. 
These equations all apply to oblique as well as to rectangular 
axes. 

If the equation, referred to rectangular axes, 

Ax + By+Cz-\- = ir (10), 

represent a spread of the order (p — 1) in a space of p indepen- 
dent directions, then the directions in which it extends from any 
point are determined by the equation 

A\ + Bfi-\-Gv¥ = 0. 

Hence a direction whose coefficients are proportional to 
(-4, B, (7...) is at right angles to every direction in which 
the spread extends, that is, it is perpendicular to the spread. 
If therefore (Imn,,,) be this direction, equation 10 may be 
written 

Now a straight line through the origin in this direction, 
perpendicular to the spread is represented by 

m n 

Hence the intersection of this with (11) is at a distance s from 
the origin, given by writing h for x, ms for y and so on, in (11), 
that is 



JA^ + B' + C'}- 

But P + m» + n»+ =1. 

Hence the equation to a spread the perpendicular from the 
origin on which is in direction (Imn..,) and of length a is 

Ix + my -\-nz-\' =« (12). 

Similarly we may show that if we have q equations of the 
first degree representing a regular spread of the order (p - 5), 
that the directions whose coefficients are respectively propor- 
tional to the coefficients of the variables in these equations, are 
all perpendicular to the spread. And since we have q equations 
which are independent and consistent, we shall get q directions 
perpendicular to the spread, which may be shown to be inde- 
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pendent directions, since the equations are independent equa- 
tiona Thus we may have a spread of the ^^ order perpendicular 
to one of the order {p — g). 

Since the formulae we found in Chapter V. for the transfor- 
mation of coordinates on moving the origin or rotating the axes 
iu any way, are all formulae of the first degree in the vaiiables, 
it follows that no movement of the axes can alter the degree of 
an equation representing a given spread. Hence the degree of 
an equation is an intrinsic property of the spread it represents. 
The obvious way therefore of investigating the properties of 
spreads represented by equations of a given degree is to investi- 
gate whether the equation cannot be simplified by moving the 
origin or axes. Thus in equations of the second degree we have 
terms such as a^y and such as ayy of the second degree. It will 
be found that terms of the second class can alwa}^ be got rid of 
by rotating the axes, and that sometimes terms of the first can, 
but that both classes can not be got rid of at once. Further, 
by shifting the origin, it is always possible to get rid of terms 
of the first degree if corresponding ones of the second degree 
remain, and if this is not the case it is still possible to get rid 
of all but one of the terms of the first degree, and of the constant 
term. In this way spreads of the second degree may be divided 
into those which can be reduced to terms of the second degree 
and a constant term only, and those which can not. As in the 
former class, if any point {abed..,) is in the spread; the point 
(— a — 6 — c — d. , .) is also in it, this class may be called central 
spreads, and the others non-central 

As this book does not profess to be a treatise on geometry 
of more than three independent directions, I will merely 
conclude by enumerating the chief characteristics of forms 
of the second degree, that is spreads represented by equations 
of the second degree in a space of four independent directions. 

The equation to a central form may be reduced to the form 

a^ V^ z^ vf^ ^ ,^^, 

±^±l±?±^=^ (^^>- 

If all the upper signs are taken it may be called the elliptic 
form. If a = 6 = c = d the equation may be written 

a? + y^-\-s^ + v^ = a'' (14), 

which, if the axes are rectangular, clearly represents a form 



I 
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every point in which is at a distance a from the origin, that is, 
a circular form. 

If one or more of the lower signs is taken in equation (13) 
we get a hj^erbolic form. There are three orders of these. 
The first and third orders, that is the forms 

^,+S+^-j»=±i (15) 

are conjugate to each other. That is, they are asymptotic, both 
to each other, and to the form 

^. + |i + ^-5i = (16), 

which I have called the ellipto-conical form. 

The second order of hj^erbolic forms are self conjugate, that 
is each of the two forms 

are hj^erbolic forms of the second order, and are conjugate to 
each other, and both asymptotic to the form 



-2 + j;^-";:i t^-^ vi«)' 



a^ 62 ^2 ct 

which I have called the hyperbolo-conical form. 

It may be shown that there are a number of straight lines, 
or generating lines as they may be called, wholly in the hyper- 
bolic form of the first order, which do not however pass through 
every point in the form. The form of the second order may be 
completely generated by straight lines, as also may the ellipto- 
conical form. The hyperbolo-conical form may be generated 
similarly by planes, but there are neither generating planes nor 
lines in the elliptic form, or in the hyperbolic form of the third 
order. 

The equation to a non-central form may be reduced to 

If all the upper, or all the lower, signs are taken we have the 
ellipto-parabolic form ; if the signs of the first three terms are 
not all the same, the hyperbolo-parabolic form. As the sign of 
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the last term is indeterminate, these are the only material 
variations possible. 

The hyperbolo-parabolic forms 

^, + |-^±5=0 (20) 

are conjugate, and asymptotic, both to each other, and to the 
cylindro-conical form 

s«+?-?=« w 

There are no generating lines in the ellipto-parabolic form, but 
the hyperbolo-parabolic may be completely generated by straight 
lines, and the cylindro-conical by planes. Besides these forms 
the equation may represent other cylindrical forms, when one or 
more coordinate vanishes from it, or it may reduce to one or two 
regular forms, to a single point, or to an impossible locus. 
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We are now in a position to return to the main question — 
the objective truth or otherwise of my second axiom. 

We have already granted that material space, the space in 
which material bodies are free to move, does extend from every 
position in it in a complete group of three independent direc- 
tions. Consequently if it does not extend from all positions in 
it in the same directions, there must be some number, p, of 
independent directions, greater than three, on which all the 
directions in which it extends are dependent. Hence material 
space is a form of some kind, in a space ofp independent direc- 
tions, and its shape is therefore represented by (p — 3) equations, 
in p coordinates. 

We may assume that the origin of the system of coordinates 
is in material space; that the axes are rectangular; and that 
the equations are all expressed in rational algebraical form. 

Now there is one thing more that we know about material 
space, namely that it is a self-congruent space. From this it 
follows that from every position in material space its shape and 
size must appear the same, and therefore that if we move the 
origin to any point in material space it must always be possible, 
by a suitable rotation of the axes, to reduce the equation to it 
to the same form it had originally. 

Now if we move the origin to any point (a?y/...), to 
transform the equation we must write (x + af) for x, (y + y) 
for y, and so on, in all the equations. Hence if os^ ; oc'^ yn-m j^^ 
terms of the highest degree, n, in the old equations, these will 
become in the new equations, 

and (a?"2/"-*~ + w^z;"*- Vy**"^ + (n- m) aj^y'y'*-^*-! -h . . . ) 
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and the only terms of the highest degree, n, will still be a?", 
^mpn-^m^ as before. But terms of any lower degree will in general 
be altered. For each term of the degree n, produces terms of 
all degrees below n, and these cannot be cancelled by others 
arising from other terms for every possible movement of the 
origin. These terms will therefore have to be got rid of by 
rotating the axes, keeping them still rectangular, which may 
be done by the formulae (11) or (13) of Chapter V. 

For the sake of simplicity we will suppose the formulae (11) 
for rotation of two axes at a time to be made use of repeatedly ; 
that is, we write (Ix + my) for x, and {mx — ly) for y (where 
i2 + m» = l). 

But, as the highest terms, of the degree n, were not changed 
by the translation of the origin, neither must they be changed 
by the rotation of the axes. Hence these terms must be of the 
form A{a^-\- y^) or some power of such an expression ; that is 

n 

A (a^ ^-y^)^ so that n must be an even number. But a similar 
rotation in the axis plane {yz) shows that the terms of the 
highest order must also be included in the form 

A{a^-\-y^-Vz^f, 

and so on for all the coordinates. Hence each of the (p — 3) 
equations representing material space must be. of the form 

n 

Aid? + f + z^ ...y+lovf&r teTm^=^(i (1), 

where A may in any one equation be zero, but if it is not, all 
those coordinates appear within the bracket which are capable 
of variation in material space. If more than one of the equa- 
tions contain terms of the n^ order, we may therefore eliminate 
such terms from all but one of them, by dividing each of them 
by their constant factor corresponding to A, and then subtract- 
ing them two and two. We have then one equation of the above 
form, and (p — 4) of lower degrees. 

If we now move the origin to another point in material 

space (a/yV ) the terms of the rH'^ degree produce terms 

in all the variables of every degree below the n^^, and any 
other terms in the old equation also produce new terms of 
lower degrees. Since the old origin was in material space, the 
old equations contained no constant term, and the condition 
that the new origin is also in material space eliminates the 
constant term from the new equation. But there remain temis 
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of all degrees up to the (n- ly^, to be eliminated by the ro- 
tations of the axea Now these rotations of two axes at a time 

afford us ^ a equations, if 5 is the number of coordinates 

J. . ^ 

which are capable of variation in material space. Hence the 

rotation of the axas may be made to satisfy ^ a conditions, 

but not more. Now if n = 2 there are only terms of the first 
degree to be eliminated from the equations. And since only q 
coordinates vary in material space, it must be possible to find 
constant values from the equations for the other (p — q) which 
values must be zero since the origin is in material space. 
Hence there can not be more than q terms of the first degree, 

and the ^-^ ^ conditions will be sufficient to bring them 

back to what they were in the original equation. But if w is 
greater than 2, even if it is 4, besides the q terms of the first 

degree, there will be ^ a ^f ^^^ second, and yet more of 

the third degree. Hence it is impossible to bring them all 
back to what they were originally. Therefore n cannot be 
greater than 2, and equation (1) may be written 

af^ + y'^ + z^'\-v)^+ H-terms of the first degree 

= (2). 

The remainder of the equations being of a degree below n 
are of the first degree. As we have seen (jp — q) of them may 
be reduced to the form 

u = 0, (3). 

And now let us revolve the axes so that three of them, x, y, 
and z, are tangent to material space at the origin. Hence 

-^r~ -, and ,- must vanish when all the coordinates are equated 
ax ay dz ^ 

to zero. Therefore there can be no terms of the first degree in 

Xy y, z in the equations. Thus the equations are reduced to 

the form 

iz^ + 2/' + -2:2 + ^ + t^+ + aW'\-hV'\- =©1 (1 equation) 

OiWH- 6it; + = (j — 4)equationsV (4). 

u = Q (P'~9) equations] 

Now write (hu + mv) for w and (mw — Iv) for v, rotating the 
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axes of V), v, in their own plane, and determine - by equating 

the coefficient of t^; in the second of the above equations to zero, 

that is by writing — = — ^ . Similarly rotate the next pair of 

axes so as to eliminate w from the second equation. And as 
there are (g — 4) coordinates besides w in these (g ^ 4) equations 
we may repeat this process (j — 4) times, and so eliminate w 
from all the (g — 4) equations, and leave only {€[ — 4) variables 
in them. They then suffice to determine constant values for 
all these variables, which are obviously all zero, and so we have 
finally left the equations to material space 

^ + y' + 'S:* + w' + av) = (one equation)) . . . 
t; = 0, u = (i>-4) equations] ^ 

These (p — 4) equations represent a regular spread of four 
independent directions, through the origin. Hence we have 
nothing more to do with the (p — 4) independent directions in 
which these coordinates are measured, but only with the spread 
of four independent directions, and the first of the above equa- 
tions. 

Hence, let us move the origin to the point fO, 0, 0,—- ^ j, in 

the spread of four independent directions, this equation becomes 

a^-]-f + z^-^w^= ^ (6), 

and consequently : — If Material space is not a regular form, the 
only alternative consistent with the objective facts we have 
granted is that it should be a Circular Form, and this in how- 
ever many independent directions points in it might be con- 
ceived to vary. 

Mr Chrystal, starting on the definition of a straight line 
merely as a self-congruent line, came to rather a different 
conclusion. He deduced a theory of hyperbolic space, which I 
have now shown to be inconsistent with the assumption that 
space is self-congruent, which he nevertheless assumes in his 
demonstration. This might indeed have been indirectly in- 
ferred from the proof given in Part I. of Euclid's 12th Axiom. 
But I have now further shown that there cannot be more than 
one kind of 'elliptic space,' of which Mr Chrystal discussed 
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several, and that kind is that which he calls * double elliptic 
space/ but which is not elliptic, but circular. 

But there are observed facts which prove that, if material 
space is not a regular form, it is a circular one of such enormous 
radius that the minute fraction of it of which we know an)rthing 
at all may without sensible error be considered a regular form, 
for all practical purposes. 

We have already seen that if material space is a circular 
form of radius p, in any triangle 

That is, the excess of a triangle varies as its area. Now the 
largest triangle whose angles we could measure would be one 
inscribed in the earth's orbit. And in such a triangle there 
cannot be any great excess, or astronomers would ere now have 
observed it. Therefore its area must be small compared with 
that of a great sphere. Much more so therefore must the area 
of those triangles be by which the distance of the sun from the 
earth is determined. If therefore, as an approximation, we 
treat these as plane triangles, we may assume that the distance 
of the sun has been correctly calculated, at some 91 millions of 
miles, say. To find the area of a triangle inscribed in the earth's 
orbit, we may, as an approximation, consider it a plane triangle, 
and the orbit as circular and of radius r. The area of an 

equilateral triangle will then be ^-j—t^* 

Hence the excess of the triangle is . ( - j . 

Hence if e be the circular measure of the excess 

p^_f3V3 1)4 



P_f3V3 1)* 



and so even if so considerable an excess as IC could have been 
overlooked, the radius of material space must be at least 160 
times that of the earth's orbit. As the largest mundane tri- 
angle whose angles have been measured in a trigonometrical 
survey has probably an area considerably less than that of an 
equilateral triangle inscribed in a circle of 50 miles' radius, the 

/ 50 \' 
excess of such a triangle would only be ( q-i oonooo ) ^^ ^^^ 
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excess of a triangle inscribed in the earth's orbit, a quite 
imperceptible quantity. 

But there is another consideration which may assure us 
that the radius of material space must in all probability be 
very many times greater than this, if it is not infinite, that is 
if material space is not a regular form. 

For a long while the fixed stars were believed to have no 
parallax, even with such a base as the diameter of the earth's 
orbit. On the assumption that material space is a circular 
form this might indeed be explained as being due to the excess 
of the triangles used to measure their distances ; which would 
mean that they must all lie upon or near the equatorial sphere 
of which the solar system occupies one pole, and therefore be 
separated fi'om us by a, distance of about a quadrant of a great 
circle. Inexplicable as such a disposition of the stars in space 
might seem, it is rendered still more so when we consider that 
some stars have in recent years been found to have as much 
parallax as 2'', or even more. These stars must therefore be 
separated by a distance less than a quadrant &om us. But 
in that case how is it that no stars have been found whose 
distances are a little more than a quadrant ? For such stars 
would have equal but negative parallaxes, a phenomenon which 
has never been observed. 

But if we reject this explanation of the smallness of the 
parallax of the fixed stars, assuming, as seems so much more 
probable, that they are more or less evenly distributed through- 
out space, then the most distant of them which is visible to us 
must be many times as distant from us as the nearest, and its 
distance is not greater than a quadrant of a great circle. Hence 
the triangles used to determine the parallax of the nejirest 
fixed stars must be approximately plane, and their calculated 
distances therefore approximately correct. Now the distance 
of a star with 2'' parallax would be about 100,000 times the 
diameter of the earth's orbit, and consequently a quadrant 
of circular space must be many times this — that is, millions of 
times the distance from us to the sun. Thus we cannot hope 
to discover any excess, even in a triangle inscribed in the 
earth's orbit! 

Now no objective knowledge can attain more decisive results 
than thia The inductions on the strength of which we accepted 
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my other two axioms as objectively true of material space, are 
certainly no stronger, and before doubting the objective truth 
of the remaining one it would therefore be necessary to re- 
consider them. We have then come to the following 



CONCLUSIONS. 

I. There exists a subjective geometry, whose subjective 

CONCLUSIONS ARE NECESSARY TRUTHS. i 

II. That the conclusions of this geometry are also ^ 
applicable to the objective geometry of material 
Space, is proved by inductions as convincing as any 
we know of, except perhaps that which convinces 
us that there is an objective universe at all. 

QtrOD ERAT DEMONSTRANDUM. 



THE END. 
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Fadliora. An Blementary Latin Book on a new principle. Bj 

the Ber. J. L. Seager, M.A« 28. 6d. 
Vint Latin Leasons. By A. M. M. Stedman. Second Edition, 

enlarged. Is. 

First Latin Reader. By A. M. M. Stedman, M.A. Is, ^d, 
Basy Latin EzerciseB. By A. M. M. Stedman, M.A. Grown Syo. 

28. 6d. 

Notanda Queedam. Miscellaneons Latin Exercises. By A. If. 

H. stedman, M.A. Feap. Sro. l8. 6d. 
A Latin Primer. By Bey. A. G. Glapin, M.A. 1«. 
Auzllia Latina. A Beriefl of Progressiye Latin Exercises. By 

M. J. B. Baddeley, M.A. Fcap.Sro. Part I., Acddenoe. 5th Edition. 28. 

Fartn. SthBdition. 28. Key to Part 11., 28. 6d. 
Boala Latina. Elementary Latin Exercises. By Bev. J. W. 

Etevis, M.A. New Edition, with Vocabulary. Foap. 8vo. 28. 6d. 

Passages for Translation into Latin Prose. By Prof. H. Nettle- 
ship, M.A. 88. Key (for Tators only), 4b. 6ct. 

* The introduction ought to be studied by eyery teacher of Latin.* 

Gfiiordian. 

Latin Prose Lessons. By Prof. Ohnroh, M.A. 9th Edition. 

Fcap. 8to. 2». 6d. 
AnaJytioal Latin Exercises. By C. P. Mason, B.A. 4th Edit. 

Part I., l8. 6d. Part n., 28. 6d. 

By T. GoLLiNS, M.A., H. M. of the Latin School, Newport, Salop. 

Latin Exercises and Grammar Papers. 6th Edit. Fcap. 8yo. 28. Qd, 
Unseen Papers in Latin Prose and Verse. With Examination 
Qnestiong. 5th Edition. VooaBvo. 28. 6d. 

-»— — in Greek Prose and verse. With Examination Questions. 

&d Edition. Fcap. frro. Ss. 

Easy Translations firom Nepos, OsBsar, Cicero, Livy, ftc, for 

Betranslation into Latin. With Notes. 28. 
By A. M. M. Stedman, M.A., Wadham Gollege, Oxford. 
Jjatln Examination Papers In Grammar an4 Idiom. 2nd 

Edition. Crown Syo. 2s.6d. Key (for Tators and PriTOte Students only), 68. 

Qxeeik Examination Papers in Grammar and Idiom. 2<. 6d. 

-^■^— Key. \_Intheyrus, 

. By the Bbt. P. Fbost, MJL, St. John's College, Cambridge. 
Katerials for Latin Prose Oomposition. By the late Bev. P. 

Frost, H.A. New Edition. Fcap 8to 28. Key (for Tators only), is. 

Materials for Greek Prose Composition. New Edit. Foap. Syo. 

2i. 6d. Key (for Tators only), St, 

notfleglom Poeticom. Elegiae Extracts from Grid and Tibnllos. 

New Edition. With Notes. Fcap.8vo. 28. 
By H. A. HoiiDXH, LLJ)., formerly Fellow of Trinity Coll., Gamb. 

Follonun Silvida. Part I. Passages for Translation into Latin 
Elegiac and Heroic Verse. 11th Edition. PostSvo. 78. 6d. 

 Part n. Select Passages for Translation into Latin Lyrie 

and Oomio lambio Verse. 8rd Edition. PostSvo. 58. 

Folia SUvnlsB, sive Eelogn Poetarom Anglicomm in Tiatinnm et 
Gnwum oonyerssB. 8td. Vol. II. 48. 6d. 
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VoUomin Oentiuto. Select Faasages for Traiulaiion into Latin 

■Bd Oreek ProM. lOtfa Bdition. FMfedvo, 8i. 
Boala Oneoa : a Series of Elementaiy Greek Ezerdses. By Bev. J. W. 

DftYis, M.A^ and B. W. BaddelOT, U.A. 3rd Bdition. VoAp.Sro. 2s. M. 

Greek Verne OompoBition. By G. Preston, M.A. 5th Edition. 

Grown 8to. 4b, 6d. 
Qreek Partloles and their Combinations according to Attie Usage. 

A Short Treatise. By F. A. Fidfly, ILA., IiL.D. 28. 6d. 

BucUmente of Attio Construction and Idiom. By the Bey. 

W. 0. Oonraton, M.A., ABsistant Master at Uipingham School. 3s. ' 

Antholof^ Grssca. A Selection of Choice Greek Poetiy , with Notes. 

Bj F. St. John Thaokeray. Uh and Chsoper JBdOion. lemo. 4s. 6d. 
Anthologla Latlna. A Selection of Choice Latin Poetry, troM 

NsBTins to Boithins, with Notes. By Ber. F.St. J. Thackeray. SthBdMon. 
leuo. 4S.M. 

TRANSLATIONS, SELECTIONS, &o. 

%* Many of the following books are well adapted for Behool Priaee. 
Aeaobyliui. Translated into English Prose by F. A. Paley, M.A., 

LL.D. 2nd Bdition. 8vo. 7s. 6d. 

Translated into English Verse by Anna Swanwick. 4tii 

Edition. PostSvo. St, 

Bdraoe. The Odes and Carmen SsBOolare. In English Verse by 

J. Oonington, M.A. 10th edition. Foap. 8vo. 5s. 6d. 

— The Satires and Epistles. In English Verse by J. Coning- 
ton, M Ju 7th edition. Os. 6d. 

Plato. Gorgias. Translated by E.M. Cope, M. A. Svo. 2nd Ed. 7«. 
— — Philebns. Trans, by F. A. Paley, M. A., LL.D. Sm. 8vo. 4«. 
TheaBtetns. Trans. byF.A.Paley,M.A.,LL.D. Sm.8yo. 4t. 

— Analysis andlndez of the Dialognes. By Dr. Day. Po0t8TO.5ff. 
Sophocles. Oedipus Tyrannus. By Dr. Kennedy. Is. 

The Dramas of. Rendered into English Verse by Sir 

Oeorge Young, Bart., H.A. 8to. 128. 6d. 

TheoGTitiui. £a English Verse, by C. S. CalTcrley, M.A. New 
Edition, revised. Grown Svo. 78. 6d. 

TkanslationB into English and Latin. By C. S. Calverley, M.A. 

Poet Svo. 78. 6d. 
Translations intoEnglish, Latin, and Greek. By B. C. Jebb, Litt. D., 

H. Jackson, Litt.D., and W. B. Onrrey, H.A. Second Edition. Ss. 
Eztraots for Translation. By B. C. Jebb, Litt. D., H. Jackson, 

Litt.D., and W. E. Carrey, M.A. 48. 6d. 

Between Whiles. Translations by Bev. B. H. Kennedy, DJ>. 

2nd Edition, revised. Oro-wn Svo. Ss. 
Sabrinae Corolla in Hortnlis Beglae Scholae SalopieDflie 

Oontexnemnt Tres Viri Floribns Legendis. Fourth Edition, thorofi gh^ y 
Beviied and Bearranged. Large post Sro. 10s. 6d. 

REFERENCE VOLUMES. 

A Iiftttn Ghrammar. By Albert Harkness. Post Sya 6«. 
 By T. H. Key, M. A. 6th Thousand. Poet 8to. St, 

A Short Latin Qrammar for Sohoola. By T. H. Key, HA. 
F.B.S. leth Edition. PostSvo. 88.ed. 

A Oulcle to the Choioe of Classleal Books. By J. B. Mayor, MJL 

8rd Edition, drown Svo. 48. 6d. 
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A History of Boman Literature. By Prof. TeaSel. Revised 
by Prof. Dr. Sohwabe, and Ixamlated by Prof. Warr, of King's OoUege. 
2 toIb. [hnmediaUlv. 

The Theatre of the Oreelai. By J. W. DonaldBQii, DJD. lOth 

Bdition. PostSro. Ss. 

SelghUey's Mythology of Oreeoe and Italy. 4th Edition. 6$, 

CLASSICAL TABLES. 

I«atln Aoeldenoe. By the Bey. P. Frost, M.A. U. 
Latin Vemlfloation. 1«. 

Notabilia Quflsdaiii; or the Principal Tenses of most of the 
Irregular €h«ek Verbi and BlemeiLtMy Greok, ijKfciii* sad FraMh CkNt" 

Btroctioii* Now Bdition. !<■ 

Richmond Boles for the 07ldlanDlBtloh,akc. By J. Tate, M. A. U. 

The Frlnolples of Latin Syntax. U, 

Oreek Verbs. A Catalogue of Verbs, Irregnlar and DefeetiTe. By 

J. S. Baird, T.G.D. 8th Edition. 2«. 6d. 

GHwek Aooents (Notes on). By A. Barry, D.D. New Edition. 1«. 
Hcnnerlo Dialect Its Leading Forms and Peouliarities. By J. 8. 

BakdfT.CD. New Bdition, I7 W. G. Bntherford, LL.D. Is. 
Greek Acddenoe. By the Bev. P. Frost, M.A. New Edition. U. 



CAMBRIDGE MATHEMATICAL SERIES. 

Axithmetlo for Schools. By C. Pendlebury, M.A. 4th Edition, 
stereotyped, with or withoat answers, 48. 6d. Or in two parts, with or 
without answers, 2s. 6d. each. Part 2 contains the Commerotal Arithmetie, 

BxAMPLiB (nearly 8000), without answers, in a separate toL 8s. 

In use at St. Bud's, Winchester, Wellington, Oharterhonse, Merohaat 
Taylors', Christ's Hospital, Sherborne, Shrewsbury, fto. Ac, 

Algebra. Choice and Ghanoe. By W. A. Whitworth, MJL 4th 

Bdition. 6s. 
B«clid. Books L-VI. and part of Books XI. and XIL By H. 

Deighton. 4s. 6d. E^ (for Tutors only), 5s. Book I., reyised, Is. 

Books I. and II., is. 6d. Books I.-III., Ss. 
EttoUd. Exercises on Euclid and in Modem Geometry. By 

J. McDowell, M.A. 3r^ Bdition. Os. 
Trigonometry. By J. M. Dyer, M. A., and Bev. B. H. Whitcombe, 

M.A., Assistant Masters, Bton Gollegre. [In the fres». 

Trigonometry. Plane. By liey.T.Vyvyan,MJL 3rd Edit. 8f. 6a. 
Gheometrioal Gonio Sections. By H. G. Willis, M.A. 5«. 
Oonics. The Elementary Geometry of. 6th Edition, revised and 

enlarged. By 0. Taylor, D.D. 4s. 6d. 
Solid Geometry. By W. S. Aldis, M.A. 4th Edit, revised. 6«. 
Gteometrical Optics. By W. S. Aldis, M.A. drd Edition. 4t. 
Bigld Dynamics. By W. S. Aldis, M.A. 4«. 
Elementary Dynamics. By W.Gamett,M.A.,D.O.L. 5th Ed. 6«. 
Dyniamlcs. A Treatise on. By W. H. Besant, SoJD., F.B.S. 7«. 6d. 
Heat. An Elementary Treatise. By W. Gamett, M.A., D.G.L. 6th 

Bdition, revised and enlai^ed. 4s. 6d. 
Elementary Physics. Examples in. By W. CkiUatly, M.A. 4«. 
Hydromechanics. By W. H. Besant, ScD., F.B.a 6th Edition. 

Part I. Hydrostatics. 5s. 
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MECHANICS & NATURAL PHILOSOPHY. 

Statlos, Elementafy. By H. Goodwin, D.D. Foap. 8yo. 2nd 

Edition. Ss. 

Dynamics, A Treatise on Elementary. By W. Gktmett, M.A., 

D.G.L. 5th Edition, drown 8vo. Sb. 
Dynamics. Bigid. By W. S. Aldis, M.A. 4a, 
Dynamics. A Treatise on. By W. H. Besant, So.D.,F.B.S. 7«. M. 
Elementary Mechanics, Problems in. By "W. Walton, BIA. New 

Edition, drown 8vo. 68. 

Theontloal Mechanios, Pioblflms in. By W. Walton, M.A. 8rd 

Edition. Demy 8to. 168. 

Hydroitatips. ByW.H.Besant,SoJ). Fcap.Syo. 14th Edition, it. 
Hydromechanics, A Treatise on. By W. H. Besant, So.D., F.B.8. 

8to. 5th Edition, reyised. Part I. Hydroetatios. 5s. 

Hydrodynamios, A Treatise on. Vol. I., Ids. 6d. ; Vol. n., 12«. 6d. 
A. B. Basset, M.A. 

Optics, Geometrical. By W. 8. Aldis, M.A. Crown 8yo. did 

Edition. 4s. 

Double Befraotion, A Chapter on Fresners Theory of. By W. 8. 

Aldis, M.A. Svo. 28. 

Notes on Roulettes and Gllssettes. By W. H. Besant, D.Sc, 

F.B.S. Grown 8to. Ss. 

Heat, An Elementary Treatise on. By W. Gtamett, M.A., B.CL. 

drown 8to. 5th Edition. 48. 6d. 

Elementary Physics. By W. Gailatly, M.A., Assistant Examiner 

at London Uniyersity. is. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Elerenth SeotiooB. Bj J. H. Erans, M. A. Stb 
Edition. Edited by P. T. Main. U. A. 48. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

IVsap. 8vo. doth. 6th Edition. 48. 

Praotical and Spherical. By B. Main, M.A. 8to. 14$. 

Mathematical Examples. Pure and Mixed. By J. M. Dyer, M. A. , 
and B. Prowde Smi&, M.A. 68. 

Pure Mathematics and Natnral Philosophy, A Gompendimn of 

Wwoti and Formnla in. Bj G. B. SmaUoy. 2iid Edition, reviaed by 
J. McDowell, M.A. Foap. 8vo. 88. (ML 

Elementary Ctourse of Mathematios. By H. Goodwin, DJD. 

6th Edition. Sro. 168. 

Problems and Examples, adapted to the * Elementary Course of 
Mathematios.' 8rd Edition. 8yo. Ss. 

Sdlntions of Gk>odwln'8 OoUectlon of Problems and Examples. 

By W. W. Hntt, M.A. 3rd Edition* reyiaed and enlarged. Svo. Os. 

A Collection of Examples and Problems in Arithmetio, 

Algrebra, Geometry, Lofl^arithmB, Trigonometry, donio Seotionfi, Meohanics, 
&o., with Answers. By Ber. A. Wrigley. 20th Thousand. 8s. 6d. 
Key. 108. 9d. 

Science Examination Papers. Part I. Inorganic Chemistry. 
Part II. Physics. By B. B. Steel, M.A, F.d.S.» Bradford Granunar 
SchooL drown Sre. 2s. 6d. each. ' 
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FOREIGN CLASSICS. 

i 8eHe$ for we in SehooU, with Engliih Nates, grammatical and 
etepUmaU>ry, and renderinge ofdiffieuU idicmatie expressiom* 

Feap. 8vo. 

MilUofi WallADfiein. By Dr. A. Biiohhdim. 6th Edit. 5«. 
Or tbe Lafifer ud Piooolomini, 28. 6d. WaUenstein's Tod, 28. Od. 

. Maid of Orleaiui. By Dr. W. Wagner. 2nd Edit. Is. 6d. 

*— Maria Stuart. By Y. Sastner. 2nd Edition. U. 6<2. 

Ootttlie'a Harmaim and Dorothea. By B. Bell, M.A., and 

B.W01feL U6d. 
Oorman Ballads, from Uhland, Goethe, and Sdhiller. . By 0. L. 

Bidafeld. 4thBditioii. U6«L 
CRiarlos XH., par Voltaire. By L. Dir^. 7th Editien. Is. 6(2. 
A.?6iitnret do T61touwine, par FtoOon. By 0. J. DeiiUe. 4th 

Bdition. 28. 6d. 

(Meotl^aUeaofLaFontauie. ByF.E.A.€kisc. 18th Edit. U.^d, 

PIOQlola, by X.B. Saintine. By Dr.Dnbno. 16th Thousand. 1«. 6d. 

Lamartlne's Le Tailleur de Pierres do Salnt-Polnt. By 
J. Boielle, 6th ThouBand. Foap. 8yo. U 6d. 

Italian Primer. By Bey. A. 0. Clapin, M.A. Fcap. 8vo. Is, 



FRENCH CLASS-BOOKS, 
neneh Ghrammar for Pablio Sehools. By Be?. A. G. Glapin, M.A. 

Ihsap. 8vo. 12th Bdition, revised. 28. 6d. 
Wtemoh Primer. By Bey. A. 0. Olapin, M.A. Foap. Sto. 8th Ed. Is. 
Primer of Frenoh Philology. By Bev. A. G. Glapin. Foap. 8yo. 

ithSdit. Is. 
Le Nouvean Trteor; or, Frenoh Student's Gompanion. By 

M. B. 8. 18th Bdition. Boap. 8to. Is, 6d. 
French Papers for the Prelim. Army Exams. Collected by 

J. F. Dayis, D.Lit. [^Immediately. 

French Examination Papers in Miscellaneous Grammar and 
Idioms. Compiled by A. M. M. Stedman, M.A. 4th Bdition. Grown 
8to. 28. 6d. xLej. fis. (For Teachers or Priyate Students only.) 

Manual of Frenoh Prosody. By Arthur Gosset, M.A. Crown 

8to. Sfl. 

Iiexloon of Conversational Frenoh. By A. Holloway. Srd 

Bdition. Grown 8to. Be. 6d. 

PBOF. A. BABBEBE'S FBEKCH GOUBSE. 

Junior Graduated Frenoh Course. Crown 8yo. Is. 6d. 

Elements of Frenoh Grammar and First Steps in Idiom. 
Grown 8to. 28. 

Preois of Oompaarattve Frenoh Grammar. 2nd Edition. Crown 

8vo. 88. 6d. 
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Hathematioal Examples. By J. M. Dyer, M.A., Eton College, 

and B. Prowde Smith, M.A., Obeltenham College. Os. 

ICeehanlos. Problems in Elementary. By W. Walton, MJL 6«. 



CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A 8erie$ of EUmenAary TreatUeifor the we of Students, 

Aritlimetlo. By BeT.O.£lsee, M.A. Foap. 8yo. UthEdit. Zt.Qd. 

> By A. Wrigley, M.A. Ss, M, 

' A ProgresBiye Course of Examples. With Answers. By 

J. Watson, M. A. 7t1i Edition, revised. By W. P. Gondie, B. A. 2», 6d. 

Algebra. By the Bey. C. Elsee, M.A. 8th Edit. 4s, 

Progressive Course of Examples. By Bev. W. F. 

M'Michael,M.A.,and B. Prowde timith, M.A. 4,th Edition. 3s. 6d. With 
Answers. 48. 6d. 

Plane Afltronomy. An Introduction to. By P. T. Main, li.A. 

eth Edition, revised. 48. 

Oonio Seotloiui treated Geometrically. By W. H. Besant, So.D. 

7th Edition. 4s. 6d. Solution to the Examples. 4s. 

Enunciations and Figures Separately. Is, 6(2. 

StatioB, Elementary. By Bey. H. Gk>odwin, D.D. 2nd Edit. 3s. 

HydrostatioB, Elementary. By W. H. Besant, So.D. 14th Edit. is. 

Solutions to the Problems. [In the press. 

Mensuration, AnElementary Treatise on. By B.T.Moore, M.A. 3<.6d. 

Newton'a Prlnoipla, The First Three Sections of, with an Appen- 
dix: and the Ninth and Eleventh Sections. By J. H. Evans, M.A. Sfk 
Edition, by P. T. Main, M.A. 48. 

Analytloal Geometry for Schools. ByT.O.Yyyyan. 5th Edit. 48.6d. 

Greek Testament, Companion to the. By A. G. Barrett, MJL 
5th Edition, revised. Foap. 8vo. Ss. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Humphry, B.D. eth Edition. Toap.'Svo. 28. M. 

Musto, Text-book of. By Professor H. G* Banister. 14th Edition, 

revised. 58. 

Concise History of. By Bey. H. G. Bonayia Hnnt» 

Mns. Doc. Dublin. 11th Edition, revised. Ss. 6d. 



ARITHMETIC AND ALGEBRA. 

See also the two foregoing Series, 

Slementary Arithmetic. By C. Pendlebury, M.A., and W. S. 
Beard. Grown 8vo. 1«. 6d. 

Arithmetic, Examination Papers in. Consisting of X40 papers, 
each containing 7 questions. 357 more difficult problems foUow. A col- 
lection of recent Public Examination Papers are appended. By O. 
Pendlebury, M.A. 28. 64. Key, for Masters only, 58. 

Graduated Exercises in Addition (Simple and Compound). Qy 

W. S. Beard, Assistant Master, Ohrist's Hospital. Is. 
The Answers sent free to Masters nlj. 
a2 
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BOOK-KEEPING. 

B(K>k-keeping Papers, set at yaxious Pnblio Examinations. 
Oolleeted and Written by J. T. Medhnrst, Lectmrer on Book-keeping in 
the Oitj of London Gollnge. Ss. 



GEOMETRY AND EUCLID. 

Xuolld. Books I.-YI. and part of XL and XTT. A New Trans- 
lation. By H. Deighton. (See p. 8.) 

The Definitions of, with Explanations and Exeroises, 

and an Appendix of Bxercises on the Fu'st Book. By B. Webb, M.A. 
Crown 8vo. Is. M. 

Book I. With Notes and Exercises for the nse of Pre- 
paratory Schools, &c. By Broithwaite Amett, M.A. 8to. 4s. 6d. 

The First Two Books explamed to Beginners. By 0. P. 



tfa8on,B.A. 2nd Edition. Fcap. 8yo. 28. 6d. 

The ZSnunolations and Figures to Euolid'i Elements. By Bev. 

J. Braise, D.D. New Edition. Fcap.Svo. Is. Without the IlgareB, 6d. 

EzerolBeB on Enolid. By J. MoDowell, M.A. (See p. 8.) 
Gtoometrloal Conio Sections. By H. G. Willis, M.A. (See p. 8.) 
Oeometrloal Oonlo Seotiona. By W. H. Besant, D.Sc. (Seep. 9.) 
Elementary Geometry of Gonlcs. By 0. Taylor, D.D. (See p. 8.) 
An Introduotion to Ancient and Modem Geometry of Oonlos. 

By 0. Taylor, D.D., Master of St. John's Coll., Oamb. 8to. ISs. 

Solutions of Geometrical Problems, proposed at St. John's 

College from ISaO to 1846. By T. Oaskin, M.A. 8to. 128. 



TRIGONOMETRY. 

Trigonmnetry, Examination Papers in. By G. H. Ward, MX, 

Assistant Master at St. Panl's School. Crown 8yo. 28. 6d. 

Trigonometry. By J. M. Dyer, M.A., and Bev. B. H. Whit- 
oombe, M.A. (See p. 8.) 

Trigonometry. By Bey. T. G. Yyvyan. ds. 6(2. (See p. 8.) 
JCensuratlon. By B. T. Moore, M.A. 3«. 6(2. (See p. 9.) 



ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 

An Introduotion to Analytical Plane Geometry. By W. P. 

Tnmbnll, M.A. 8yo. 128. 

Problems on the Principles of Plane Oo-ordJnate Geometry. 

By W. Walton, M.A. 8vo. Ife. 

■MUnear Oo-ordinates, and Modem Analytioal Geometry of 

Two XMmensioBS. By W. A. Whitworth, M.A. 8to. 108. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 4th Edition revised. Cr. 8vo. 68. 

SBiptie Fnnotions, Elementary Treatise on. By A. Gayley, Sc.B. 

Professor of Pure Mathematics at Cambridge University. DemySvo. 158. 
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F. E. A. GASO'S FBBNOH 00UB8B. 

nnt Trench Book. Foap. 8yo. 106th ThoiuaiicL If. 
Beoond Trench Book. 52nd ThonsaBd. Feap. 8to. U. 6d. 
K07 to First and Second French Books. 5th Edit. Fop. 8yo. 8f . 6d. 
Tkenoh Tables for Beginners, in Prose, with Index. 16th Thousand. 

(Meet Tables of La T6ntalne. 18th Thousand. Feap.Sro. l<.6d. 
Blstolres Amusantes et Instrootlves. With Notes. 16th Thon- 

■and. Voap. 8vo. Si. 

Praotloal Guide to Modem Trenoli Ckm?eiMtloii. 18th Tfaon- 

Band. Voap. 8yo. li. 6d. 

Trench Poetey for the Young. With Notes. 5th Ed. Fop. 8to. 8f. 

Ibterlals for IVenoh Proae Oomposltton ; or, Selections froin 
the bait Bngliah Proie Wiiten. 19th Thou. ltoAp.8vo.8t. Kfl(f,6t. 

Prosateurs Oontemporalm. '^th Notes. 11th Edition, re- 

▼ised. 12mo. Si. 6d, 

Zae Petit Oompagnon; a Fienoh Talk-Book for Little Ohildren. 

12th ThowHuid. 10IIIO. Is. 6d. 

An Improved Modem Pocket Dictionary of the French and 

finglkb LuigiuigM. 45thTboiUHuid. 16taio. 2s. 6d. 

Modem Treneh-TBnglish and ISnglish-Trenoh Dictionary. 4th 
Bdition. ceviMd, with new gnppleinenti. 10s. 6d. In ose at HarroW| 
Rugby, Westminster, Snrewsbnry, Radley, Ibo. 

The ABO Tourist's French Interpreter of aU Xnunedlate 

Wants. By F. E. A. Oaao. Is. 

MODEBN FBENGH AUTHOBS. 

Edited, with Introductions and Notes, by Jambs BoSslli, Senior 
French Master at Dulwioh Ck>llege. 

Daudet's La Belle Nivemaise. 2t, 6d. For Beginners. 
Hugo's Bug JargaL 8«. For Advanced Students. 
Balzac's XTrsule Mlrouel Ss. For Advanced Students, 



GOBCBEBT'S FBENGH DBAMA. 

Being a Selection of the best Tragedies and Oomedies of Mdidret 
Baoine, OoneiUe, and Yoltaiie. With Axgnnienti and Notes by A. 
Gombert. New Bdition, leriaed by F. B. A. Gaeo. Foap. Sro. Is. each} 

Mounui:— IieMiaanthiope. L'ATare. La Bonzgeoia GentilhonuBie. La 
TSrtafte. La Malada Iznagmaize. Lea Fammea Sayantea. Lea Foorberies 
da Biwp*ii. Laa Px^denaea m<MflMi«Mi, I/Boda dea Fammea. l/Boola das 
Karia. La XMeoin malgrtf Lot 

Bacivs t— FhMze. Bather. Athalie. Iphig^nie. Lea Flaideian. La 
niAalda; oOtLaaFr^reaBnnemia. Andromaqne. Britannloaa. 

P. CtoBvuLLB:— La Old. Honwa. CHnaa. PoljeiMto. 

YoiaAXBM t— Zaire. 
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GERMAN CLA88-BOOK8. 

ICaterlalB for Qonnftn Fme Oompofltlon. By Dr. Bndbhon. 

13th Edition, thoroughly rerisecU ]^9ap. 4«. 6d. K^« Parte L and II., 81. 
BartBin.a]idiy.,4c 

Goethe's Faust. Text, Translation, and Notes. Edited by 
Dr. Bnohheim. Ss. [In the press, 

German. The Candidate's Vade Mecum. Five Hundred Easy 
Sentences and Idioms. By an Army Tutor. Cloth, Is. Foi' Arm/y Exams, 

Wortfolge, or Bnles and Ezeroises on the Order of Words in 

Cterman BentenoeB. 1^ Dr. F. Stock. Is. 6d. 

4 Gtorman Grammar for Pnblio Schools. By the Bev. A. 0. 
COapinaxidF. HtkUMIUler. SthBdition. Foap. Ss. 6a. 

A German Primer, with ExerGises. By Bev. A. G. Clapin. 

2nd Edition, 'is. 

BEotaebne'i Der Gefluokgene. With Notes by Dr. W.Strombeffg. !$• 
German Examination Papers In Grammar and Idiom. By 

R. J. Morich. 2nd Edition. 2e, 6d. Key for Tators only, 58. 

By Faz. Lange, Ph.D., Professor B.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria University, Manchester. 

A Concise (German Grammar. In Three Parts. Part I., Ele- 
mentary, 2s. Part XL, Intermediate, 2s. Part IIL, Advanced, 3s. 6d. 

GenoQAn Examination Course. Elementary, 2«. Intermediate, 28, 

Advanced, Is. 6d. 

German Reader. Elementary, Is. 6<2. Advanced, 3«. 



MODEBN GERMAN SCHOOL CLASSICS. 

Small Crown 8vo. 

Hoy's Fabeln Fiir Kinder. Edited, with Vocabalary, by Prof. 

F. Lange, Ph.D. Printed in Rmnan characters. Is, 6d. 

The same with Phonetic Transcription of Text, <fec. 2s. 

Benedlx's Dr. Wespe. Edited by F. Lange, Ph.D. 2s. 6d. 
HoiBnan's Meister Martin, der Knf ner. By Prof. F. Lange, Ph.D. 

U6d. 

Eeyse'i Hana Lange. By A. A. Maodonell, H.A., Ph.D. 2s. 

Auerbaoh's A\if Waohe, and Roquette's Der Gefrorene Eusa. 
By A. A. Maodonell, M.A. 2s. 

Moser's Der Bibllothekar. By Prof. F. Lange, Ph.D. 3rd Edi- 
tion. 2s, 
Ebers* Elne Frage. By F. Storr, B.A. 2s. 

Freytag's Die Joumalisten. By Prof. F. Lange, Ph.D. 2nd Edi- 
tion, revised. 28. 6d. 

Gutzkow's Zopf und Schwert. By Prof. F. Lange, Ph.D. 2s. 
Gherman Eplo Tales. Edited by Earl Neohaos, Ph.D. 2s. 6d. 
Scheffel's Ekkehard. Edited by Dr. Herman Hager. [Shortly. 
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DIVINITY, MORAL PHILOSOPHY, fto. 

Bt ths Bbt. F. H. Sobiybnxb, A.M., LL.B., D.G.L. 
Nomm TeBtementom Ghmoe. Editio major. Being an enlarged 

Edition, oontainiiiir tlie Readings of Bishop Westcott and Dr. Hort, and 
thofle adopted by tne Beriaen, fto. 78. 6d. (For o^H«r £difiont m« pof* 3.) 

A Plain Introdnetlon to the Orltikdam of the New Teetament. 

With gprtj ftwuhnftwi from AnaJent Mamuwripto, SidSditlon. 8?o.l8s. 

81z Iieoturea on the Text of the New Testament For Bnglish 
Beaden. OsownSvo. 0s. 

Ckxlex Bene OantabrlglenBla. 4to. 10«. 6d. 



The New Testament for SSngUsh Readen. By the late H. Alfard» 

D.D. YoL I. Part T. 3rd Bdit. 12s. YoL I. Fart n. and Edit. 108.6d. 
YoL II. Fart L8nd Edit. 16b. YoL U. Fart U. and Edit. IGs. 

The Greek Testament By the late H. Alford, D.D. YoL I. 7th 

Edit. U. 8s. YoL U. 8th Edit. IL 4s. YoL m. 10th Edit 18s. YoL lY. 
Fart 1. 5th Edit 18s. YoL lY. Part n. 10th Edit. 14«. YoL lY. IL ISi. 

Ckimpanlon to the Greek Testament. By A. G. Barrett, M.A. 

0th Edition, revised. Poap. 8yo. 6«. 
Guide to the Textual Criticism of the New Testament. By 

Ber. E. Miller, H.A. Grown Svo. is. 

The Book of Psalms. A New Translation, with Introductions, fte. 
BYtheYerrBoY.J. J. Stewart Fenmne.D.D. 8fo. Ydl. L 7th EditioB» 
18*. YoL n. eth Edit. 10s. 

Abridged for Sehools. 7th Bdition. Grown 8to. lOf. td. 



History of the Art&fles of Religion. By G. H. Hardwiek. 8ri 

Edition. FostSvo. 5s. 

BOstory of the Greeds. By J. B. Imm^y, DP. 3rd Edition. 

OroyB8yo. 7s. 6d. 

Pearson on the Creed. Gaiefnlly printed from an early edition. 

With Analysis and Index bj E. Waliord, M.A. Port8TO. 5s. 
ZJturgles and Offloes of the Church, for the Use of English 

Headers, in ninstration of tiie Book of Oonunon Prayer. By the Ber. 
Edward Borbidge, M.A. Grown 870. 9s. 

An EOstorioal and Explanatory Treatise on the Book of 

Gommon Prayer. By Boy. W. G^. Hnrnphry. B.D. 6th Edition, enlarged. 
BmaU Post 8yo. as. 6d. ; Gheap Bdition, Is. 

A Commentary on the Gospels, Epistles, and Aots of the 

Apostles. By Boy. W. Denton, A.M. New Bdition. 7t61s. 8vo. Os. each. 

Notes on the Cateohlsm. By Bt Bey. Bishop Barry. 9th Edit. 
Poap. as. 

The Winton Church Cateohist Questions and Answers on the 

Teaehing of the Ghnzoh Oatechism. Bt the late Ber. J. B. B. MonseU, 
LL.D. 4th Edition. Oloth, 8s. ; or in Fonr Parts, sewed. 

The Ohuroh Teaoher's Manual of Christian Instmotlon. By 

Ber. M. V. Sadler. 39th Thousand. as.6d. 
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TECHNOLOGICAL HANDBOOKS. 

Edited by Sib H. Tbubican Wood, Secretary of the Society of Arte. 
Dyeing and Tissue Frintiiig. By W. Crookes, FA.S. 5«. 

Glass MaxmflMiture. By Henry Ohanoe, H JL; H. J. Powell, B^; 
and H. G. Harris. Ss. 6d. . 

Ctotton Spinning. By Biehard ICarsden, of Manchester. 8rd 
Edition, reyiBod. 6a. 6d. 

Ohemlstry of Ooal-Tar Colours. By Prof. Benedikt, and Dr. 

Kneoht of Bradford Technical OoUege. 2nd Edition, enlarged. 6s, 6d. 

Woollen and Worsted Cloth M anufacture. By Professor 

Boberti Beaumont, The Yorkshire Oollege, Leeds. 2nd Edition. 78. 6d. 
Printing. By G. T. Jacobi, with nomerons illustrations. 5«. 
Bookbinding. By Zaehnsdorf , with eight plates and many illas- 

.trations. 5«. 

Colour in Woven Design. By Boberts Beaumont. [ImmMUately. 
Cotton Weaving. By B. Marsden. [In the prus. 



BELUS AGRICULTURAL SERIES. 

The Farm and the Dairy. By Prof. Sheldon. 2$, 6(2. 
Soils and their Properties. By Dr. Fream. 28, M. 
The Diseases of Crops. By Dr. Griffiths. 2«. 6d. 
Manures and their Uses. By Dr. Griffiths. 2$. 6<i 



HISTORY, TOPOGRAPHY, &c. 

Modam JBurope. By Dr. T. H. Dyer. Und Edition, zerised and 
oontiniifid. StoIb. DemySro. 21. 12t. 6d. 

ThA Sstory of PompeU: its Buildings and Antiquities. By 

T. H.Dyer. 8rd Edition, brought down to 1874. PortSro. 7t.6d. 

The City of Borne : its History and Monuments. 2nd Edition, 
ferised by T. H. I^er. 5ft. 

A2iolent Athena: its History, Topography, and Benudns. By 

T. H. Dyer. Bnper-royal 8yo. Cloth. 7«. 6d. 

TbB DeoUne of the Roman Bepublio. By G. Long. 5 vols. 
Svo. 5ft.eadL. 

Blstorloal Maps of XIngland. By C. H. Pearson. Folia 3rd 

Edition rerised. 81ft. 6d. 
England in the Fifteenth Century. By the late Bev. W. 

Denton, H.A. Demy 8vo. 12s. 

Feudalism: Its Bise, Progress, and Consequences. By Judge 

Abdj. 78. 6d. 
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OstoTF of TBnglftnd. 1800-46. By Haniet Hartixieaa, with new 
and eopimu Isdez. 5t61s. 81. 6d. eaoh. 

A Praotloal SynpptSs of BngUili Hlfltory. By A. Bowafl. 9th 

BditioB, reTiBed. 8vo. Is. 

ZJfies ef tho Queens of IBngland. By A Strickland. Idhwry 
Sdttioii, 8 TolB. 7t. 6d. Moh. Cheaper Bdition, 6 toIb. 5t.MolL Absidged 
Edition, 1 TOl. 61. (ML Mary Queen of Soots, 2 tqIs. 5s. each. Tudor and 
Btnart PrinoeBsei^ 5s. 

The Jnements of Qenenl BlBtory. By Firoi. Tytler. New 

Bdition, brought down to 1874. Small Poet 8vo. 38.6d. 

History and Geography Examination Papers. Compiled by 
0. H. Spenoe, H.A., OUfton Oollege. Grown 8ro. 2s. 6d. 

The Sohoolmaster and the Law. By Williams and Markwiok. 
Is. 6d. 

PHILOLOGY. 

WISBSTSB'S DIOnONARY OF TSD SNGXiZSH ImAX- 

eUAOB. With Dr. Xahn's JStymologj, 1 vol. 1628 pacres, 8000 XUns. 
tcationB. 21s. ; half calf, 308. ; calf or half ruida, 31s. ed. ; nueia, 21. 
With Appendieee and 70 additional pagee of Illnstntloni, 1010 pagee, 
81s. 6d.; half calf, 21.; caUor half niMia.21. 2s.; nusia, 21. 10s. 

'TmiBB8TPR4oncALBvsLi8HDionovABT axXAST.'— Qiiartfrlyl{svisi9,1878L 

Proepectnese, with epecixnen pagee, poet free on application. 

Brief History of the English Language. By Prof. James Hadl^y, 
LL.D., Yale College. Voap. 8ro. Is. 

The Elements of the English Language. By E. Adams, PhJ). 

24th Bdition, revised and enlarged by J. F. Dayis, D.Lit. Post 8yo. 
4s. 6d. 

Synonyms and Antonyms of the English Language. By Aroh- 

deaoon Smith. SndBdition. PoetSvo. 5s. 

Synonyms Discriminated. By Arehdeaeon Smith. Demy Bto, 

4th Edition. 14«. 

Bible English. Chapters on Words and Phrases In the Bible and 
Prayer-book. By Ber. T. L. O. Davies. 2nd Bdition reyised, in the press. 

The Queen's TPT«flHait a Manual of Idiom and Usage. By the 

late Dean Alford. eth Edition. Voap.8vo. Is. sewed. Is. 6d. doth. 

A History of English Rhythms. By Edwin Guest, H. A, D.C.L. , 
LL.D. New Edition, by Professor W. W. Skeat. Demy 8yo. 18s. 

Elements of ComparatlTe Grammar and Philology. For Use 

in Schools. By A. 0. Price, M.A., Assistant Master at Leeds Qxammar 
SchooL Crown 870. 28. 6d. 

Questions for ExamJ-natfon hi English Literature, By Prof. 

W. W. Skeat. 3rd Edition. 2s. 6d. 
Eluge's Etymological German DloUonary. Translated by 

J. P. DaTis, D.Lit. [.In the press. 

Gaso's Concise Dictionary. lOs, 6(2. (See p. 18.) 

A Sftlae OnuBimar. By G. Phillips, D.D. 8rd Edition, enlarged. 
8fO. 7s. Sd. 
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ENGLISH CLASS-BOOKS. 
OompamttTe Grammar and PtaUdlogy. By A. 0. Ftioe, ICJL, 

ABsistant Master at Leeds G^rammar SohooL 2s. 6d. 

The mementa of the SngUah Tiangaage. By B. Adanif , Fh J). 

24fth BflUtun, revised and enlarged by J. F. Dayis, D.Lit. Post 8vo. 4s. 6d. 

The RtuUmenta of SngUah Grammar and Analywla. By 

R. Adams, PIlD. 17tii Thousand. Foap. Sro. Is. 
A Ck>]iGi8e System of Parsing. By L. E. Adams, B.A. Is. %d. 
General Knowledge Examination Papers. Compiled by 

A. M. M. Stedman, M.A. 2s. 6d. 

Examples for Grammatical Analysis (Verse and Prose). Se- 
tooted, fte., It^ F. Edwards. New edition. Oloth, Is. 

Notes on Shakespeare's Plays. By T. Dnff Bamett, B.A. 
MiDSiTMMEB Night's Dbeah, Is. ; Julius 0£SXb, Is. ; Hbnbt Y., Is. ; 
Tempest, Is. ; Macbeth, Is.; Msbgha.»[t of Venice, Is.; Hamlet, Is.; 

RiCHABD II., Is. ; Kisa JOHK, Is. 

By 0. P. Mason, Fellow of Uniy. OoU. London. 
First Notkms of Grammar for Toang Learners. Fcap. 8yo. 

57th Thousand. Cloth. 9d. 

Flnt Steps in ISnglish Grammar for Jmaior Glasses. Demy 

lAmo. 49th Thousand. Is. 

Outlines of English Grammar for the Use of Jmiior Classes. 

77th Thousand, drown Svo. 2b, 
English Grammar, including the Princnples of Grammatioal 

Analysis. d2nd Bdition. 131st to 136th Thousand. Grown 8yo. Ss. Od. 

Praotioe and Help In the Analysis of Sentences. 28, 

A Shorter English Grammar, with eopioos Exercises. 84th 

to 88th Thousand. Orown Bra 8s. 6d. 

English Ghrammar Praotioe, being the Bzeroises separately. Is, 
Code Standard Grammars. Parts I. and IL, 2d each. Parte IDL, 

IV., and v., 3d. each. 

Elementary Mechanics. By J. C. Horobin, B.A., Principal of 
Homerton Training College. In Three Parts. ^In the press. 

Notes of Lessons, their Preparation, &c. By Jos^ Biokard, 
Park Lane Board School, Leeds, and A. H. Taylor, Bodley Boaxd 
Bohool, Leeds. 2nd Edition. Crown 8to. 2s. 6d. 

A Syllafaio System of Teaching to Read, oombining the advan- 
tages of the ' Phonic' and the ' Look-and-Si^ ' Systems. Crown 8ro. Is. 

Praetioal Hints on Teaching. By Bev. J. Menet, M JL. 6th Edit. 

reyised. Crown Bro. paper, 2s. 

Test Leasona in DiotatUm. 4th Edition. Paper eover, If. 6d. 
Plotnre Sohool-Books. In Simple Language, with nomeroas 

mnstrations. Royal 18mo. 

The Infant's Primer. 8d.— flohool Primer. 6d.— fikduml Bead«r. By J. 
Tilleard. U— Poetry Book for Sehoob. U— The Life of Joseph. ls.—Tho 
goripture Parables. By the Boy. J. B. darka. Is;— The Soriptaze Miradtos. 
^ the Bey. J. B. Clarke. Is.— The New Tsstament History. By the Ber. 
J. G. Wood, M.A. Is.— The Old TMtament History. Br the Ber. J. G. 
Wood, M.A. Is.— The Life of Martin Luther. By Sarah OromptoB. Is. 



